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GEOMETRY. 


IV. A rectilineal figure to 
a circle, when each 8^ tie of Hie 
circumscribed figure touches 
the circumference of the circle. 

V. In like manner, a circle is said 
to be inscribed in a rectilineal 
figure, when the circumfer en ce 
of the circle touclTST cacli^'st&e 
of the figure. M 

VI. A circle is^said to be ties* 
cribed about a rectilineal figure, 
when^.he circumference of* the 
circle passes through all the an- 
gular points of the ligure^tbout 
which it is described. 

VII. A straight line is said to 
be placed in a Circle, when the 
extremities of it are in the cir- 
cumference of the circle. 


be described about 



PROP. I. PROB. 


In a given circle to place a straight line , equal to a 
given straight line } not greater than the diameter of 
the circle . 

Let ABC be the given circle, and D the given straight 
line, not greater than the diameter of the circle. 

Draw BC the diameter of the circle ABC ; then, 
if BC be equal to D> the thing required is done : 
for in the circle ABC a straight line BC is placed 
equal to D : But, if BC be not equal (3. I.) to 
D, it must be greater ; cut oft* from it CE equal 
to D, and from the centre C, at the distance CE 
describe the circle AEF, and join CA : Therefore, 
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GEOMETRY. 


because C is the centre 4 + 
of the circle AEF, CA 
is equal to CE ; but D 
is uju.il to CE; fheie- 
foie D is equal to CA : 

Wherefoie. m the circle 
ABU, a straight line is 
p!,e < <f t < qua! to tin oivi'n 
•*Uaii»ht lum I), ninth is 
not ci eatei tl in the E& — — 

dianutT of the circle. 

U }(}( ii » r as to In (tarn . 

A»y whohcttl f)u vitiation. Because O is the con- 
tie oi’ •> A b C, AC = CE. But CE =■ I) (by 
consti.) /. AC =- D. 1 

PROP. li. PROB. 

t 

Jnat/tren elide toinsoibe a hhnnjle cqvn njuhtr to a 
(jh . n it Unujtc . 

Let ABC be the ^iseu ciiele, anti DBF the onon 
triangle ; it is leouutd to inscribe m the cud* ABC 
a t nano le ccjuianutilar to the train Jo !)LF. 

Dj.iw (17. 3) the straight line GA1I, touching the 
circle m the point A, ami at the point A, m the stiaicht 
line All, make (23. 1.) the angle IIAC tqual to 
the angle 
DEV; and 
at tlie 

point A, m 
thestuight 
lmo x\G, 
make the 
angle GAB 
equal to 

ife* angle 
DFE, and 
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■join BO. Therefore, because HAG touches the 
circle ABC, and AC is drawn from the point of 
contact, the angle MAC is equal (32. 3.) to the 
angle ABC in the alternate segment of the circle 
But H AC is equal to the angle DCF ; therefore also 
the angle ABC is equal. to DEF ; for the same reason, 
the angle ACB* is equal to the angle DFE : therefore 
the remaining angle BAG is equal (32, 1.) to the 
remaining angle EDF ; Wherefore the triangle ABC 
is equiangular to, the triangle DEF, and it is inscribed 
in the fcirde ABC. Which was to he done . 

to r; 

SymUt. Dcm. Because GH ^touches © in A, < ABC 
a < HAG (32,3) = < DEF. Similarly < ACB = 
< DFE remaining* < BAG = remaining < EDF 

a ABC is equiangular to A DEF. 

if"* 

PROP. III. PROB. 

About a given circle to describe a triangle equiangular 
to a given triangle . 

Let ABC be the given circle, and DEF the given 
triangle ; it is required to describe a triangle about the 
circle ABC equiangular to the triangle DEF. 

• v . . • 

Produce EF both ways to the points G, 1 1, and find 
the centre K of the circle aBC, and from it draw any 
straight line KB ; at the point K in the straight line 
KB, make (23. I.) the angle BK A equal to the angle 
DEG, and the -angle B&C equal to the- rmgle DFil ; 
and through the points A, B, C, draw the straight lines 
LAM; MBK, NCL touching (17. 3.) the c>cio ABC: 
Therefore, because LM, MN, NL touch the ( ircle ABC 
in the points A, B, C, to which Jfrom the centre 
are drawn KA, KB, KC, the angles at the points A, B, 
C, are right (18. 3.) angles. And because the four 
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GEOMETRY, 


angles of the quadrilateral figure AMBK are equal to 
four right angles, for i£ can be divided into two trianglest 
and because two of them, KAM, KBM are right 


T. 



Wl B ¥ 


€ 

angles, the other two AKB, A MB are equal to two 
right angles : But the angles DEG, DEF, are like- 

wise equal (13. 1.) to two right* angles ; therefore the, 
angles AKB, A MB are equal to the angles DEG, 
DEF, of which AKB is equal to DEG ; wherefore the 
remaining arurle *AMB is equal to the remaining angle 
DEF. In like manner, the angle LNM may he de- 
monstrated to be equal to DFE ; and therefore the 
remaining angle MLN is equal (32. 1.) to the remain- 
ing angle EDF : Wherefore* the triangle LMN is 
equiangular to the triangle D EF: And it is described 
about the circle ABC. Which was to be done . 

St/mb . Dem . <s at A, B, C are right <s (18.3) 
and 4 <s of the Fig. AMBK = 4 right <s and < 
KAM + KBM = 2 right <s < AMB 4- < 
AKB = 2 right <s = V. DEG + < DEF (13.3) 
But < AKB = < DEG (by constr.) < AMB 
»= < DEF. Similarly < = LNM < DFE /. < 
MLN a* < EDF a MLN is equiangular to* a 
DEF. 
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GEOMETRY, 


PROP. IV. PROB. 

« 

To inscribe a circle in a given triangle . 

Let the given triangle be ABC, it ^required to in- 
scribe a circle in ABC. 


Bisect (9. I.) the angles ABC, BCA, by the straight 
lines B D, CD, meeting one another in the point I), 

from which dra^ (12. 1.) A. 

DE. DF, DG perpendiculars f\ 

to AB, BC, CA. Then be- ' j \ 

cause the angle EBD is / A 

equal to the angle FBJ), the v \ G 

angle ABC being bisect- T) 

ed by BD ; and bemuse the A yy,.. i \ 

right angle BED is equal to / \ 

the light angle BFD, the ^ \ 

two triangles EBD, FBD B i; * c 


have two angles of the one equal to two angles of the 
other ; and the side BD, which is opposite^ to one of 
the equal angles in each, is common to both . therefore 
their other sides are equal (2(5. 1.) ; o wherefore DE is 
equal to DF. For the same reason, DG is equal to 
DF ; therefore the three straight lines DE, DF, DG 
are .equal to one another, and the the circle described 
from the centre D, at the distance of any of them, will 
pass through the extremities of the other two, and will 
touch the straight lines AB BC, CA, because the 
angles at the points E, F, G are right angles, and the 
straight line which is drawn from the extremity of a 
diameter at right angles to it, touches (Cor. 16. 3.) the 
circle ; Therefore the straight lines AB, BC, CA, do 
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each of them touch the circle, and the circle EFG is 
inscribed in the triangle^ ABC. Which was to he done . 

Sym . Dem. <EBD = < FBD (by constr.) <BED 
= < BFD (by constr.) and BD is common to As 
EBD, FBD DE = DF (26.1)* Similarly DG « 
DF v DE = DG = DF ,\ DG, DF, DE, are radii 
of a ©.touched by AB, BC, AC (Cor. 16.3). 

PROP. V. PROB. 

To describe a circle about a given triangle . 

Let the given triangle be ABC ; it is required to 
describe a circle about >rtBC. 

Bisect (10. 1.) AB^AC in the points D, E, and from 
these points draw DF, EF at right angles (11. 1.) to 
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GEOMETRY. 


which is absurd : Lei them meet in F. and join FA ; 
also, if the point F be* not in BC, join BF, CF : then, 
because AD is cquafto DB, and DF common, and at 
right angles to AB, the base AF is equal (4. ].) to the 
base FB. In like maimer, it may be shewn, that CF 
is equal to FA; and therefore BF is equal to FC; 
and FA, FB, FC are equal to one another; where- 
fore the circle described from the centre F, at the 
distance of one, of them, will pass through the ex- 
tremities of the other two, and be described about the 
triangle ABC. Which was U\ he done . 

Com When the centre of the circle falls within the 
triangle, each of its yigles is less than a right angle, 
each of them being in a segment greater than a semi- 
circle ; but when th# centre is in one of the sides of 
the triangle, the angle opposite to this side, being in a 
semicircle, is a right angle; and if the centre falls 
without the triangle, the angle opposite to the side 
beyond which it is, being in a segment less than a 
semicircle, is greater than a riyht angle. Wherefore, 
if the gh'en triangle he acute-angled, the centre of the 
circle falls withh{ it ; if it he a right-angled triangle , 
the centre is in the side opposite to the right angle ; and 
if it be an cbtuse-angled triangle , the centre falls with* 
out the triangle , beyond the side opposite to the obtuse 
angle . 

Sum. Dem . AD « DB (by constr.) DF common to 
as ADFBDF and D F j_ AB /. AF « FB (4.1) 
Similarly CF = AF FB = CF=AF the © de- 
scribed from F at the distance FB will pass through 
A, B, C. 


PROP. VI. PROB. 

To inscribe a square in a given circle / 

Let A BCD be the given circle; it is required «ia 
inscribe a square in ABCB. 
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Draw the diameters AC, BD at right angles to one 
another, and join A B,* BC, CD, DA; because BE is 
equal to ED, E be mg the centre, and because EA is at 


right angles to BD, and 
common to the triangles ABE, 
ADE ; the base BA is equal 
(4. 1.) to the base AD ; and 
for the same reason, BC, CD 
are each of them equal to 
BA or AD ; therefore tbe fl 
quadrilateral figure A BCD is* 
equilateral. It is also rectan- 
gular; for the straight line 
BD being a diameter of the 



circle ABCD, BAD is a semicircle; wherefore the angle 
BAD is a right (31 . 3.) angle ; for the same reason, each 
of the angles ABC, BCD, CDA is a right angle ; there- 
fore the quadrilateral figure ABCD is rectangular, and 
it has been shewn to be equilateral; therefore it is a 
square ; and it is inscribed in the circle ABCD. Which 
was to be done . 


Syjn. Dem. BE = ED, EA JL B.D and common to 
as AEB, AED .\ (4.1) BA = AD. Similarly BC 
Cjt) = AD = BA fig. ABCD is equilateral. Again 
<BAD is a right < (31.3) Similarly <s ABC, BCD, 
CDA, are right < s /. fig ABCD isrrectanguiar ,\ it is 
•a a 3 


PROP. VII. PROB. 

describe a square about a given circle . 

ABCD be the given circle; ft is required to 
detcnbe a square about it. * 
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Draw two diameters AC, BD of the circle ABCD, 
at right angles to one* another, and through the points 
A, B, C, D draw (17. -S.) FG, OH, HK, KF touching the 
circle ; and because FG touches the circle ABCD, and 
EA is drawn from the centra E to the point of contact 
A ? the angles at A are right (18, 3) angles; for the 
same reason, the angles at the points B, C, D are right 
angles; and because the angle AEB is a right angle, as 
likewise is EBG, G1I is parallel (28. 1.) to AC: for 

the samq, reason, AC is parallelf q 
to FK, and, in like manner, ~ 

GF, HK may each of them 
be demonstrated to be parallel 
to BED ; therefore the figures 
GK. GO, AK, FB, BK, are p * 
parallelograms; and GF is 
therefore equal (34. I.) to HK, 
and GH to FK ; and because 
AC is equal to BD, and also H 

to each of the two GH, FK •- and BD to each of the 
two GF, HK : GH, FK are each of them equal to 
GF of HK ; therefore the quadrilateral figure FGHK 
is equilateral. It is also rectangular ; for GBEA being 
a naralielogram, and ABB a right angle, AGB (34. 1). 
is likewjse a right angle : In the same manner, it may 
be shewn, that the angles at H , f are right angles : 
therefore the quadrilateral figure FGHK is rectangular ; 
and it was demonstrated to be equilateral; therefore 
it is a square ; and it is described about the circle 
ABCD. Which was to be clone. 

St/m . Dm. <s at A, E, are right <s (13.3) so are 
<s at 1 # €, D /. GH 1| AC (28 1). Similarly AC H 
FK, aal G F, HK each \\ BED >. GfC, GC, /4K, FB, 
* a - GF s HK (34.1) and GH = FK. 




I 




wff area a«r aa ^ -art* , s 
’fa^acaa S3lta tMr <$a°s a? : * 
a aafa^firai w m «n> 

<nr"?i*f¥ stfa aa^r caal a 
T>ta i *raa w |^i*f^ <sai 
•®f rea? ?;tre ^*ffVf a= aaj 
g ssrfars a* fa 5 ^ c<Fti ^ 

^arefa (^i^ir ) i £ atfaih a,aX1aa? f Cat'll’ 

<k 

’f’TCTfa I 'aaa ^>S«r $'*Tf ••2fw53I¥ aaref*l f8- 

atre $®f a*a aa^ caai aatateaia orv ) a^tac 4 ! 
?pa f& ca^t-s aa^a ’rctal^ata i tat a ^aaa 

a^al attra afta ca w ta? ^reire a$a ^a^r caata 
aafatgafa snsaa ft, fa, a*t, sa, at at a^*r aat- 
atsat*r rea ^aat“ *f aa®r caai ®t aata mx fa? 
Ft aata ( 5 i^ 8 )i 'aaa a*a aa®r caai aa aata 
aa® fws at aft«s aai* Rli aa aaa. caai 
Ff a*t aata aata 4 ! fw Ft etreire Ff ^aal^t 
aata «reaa Ffsrit s^g% eaar aaalf ^ i sttl '*a- 
StRa act capsrsr? fV«f aatatsat®* cara fsatre 
•sal as a aacast 4 ) f'safre af a cat'll aacat 4 ! ( 1 

<tarcat, ^, 5 , fa\^ cat^ aacat 4 ! taaa ftraatra 
^«at°s Ff*st re* aaretR aa 

aif f « taaa ftalc§> srsaa sifl aa*f^% aa?. 
*aaa|c^afa.'sritre stales: i talt 4f re a*ataj i 
■Jti ^.i a* %f < aa< ORv-^ai a, a, a, tiff < > 
/.far n ^5 or*) «®ia fan ft wx f& *ft 
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GEOMETRY. 


Now AC .* BD =sa GH = FK = GF * HK .% Fig. 
FGHK is equilateral. c Again GBEA is a a, and 
AEB a right < AGB is a right < Similarly <sat 
H, K, F are right <s /. FGHK is rectangular /. it 
is a □ . 


PROP. VIII. PROB. 


To inscribe a circle in a given square. 

Let ABCD be the given sqqare ; it is required to in- 
scribe a circle in ABCD. 


Bisect (10. 1.) each of the sides AB, AD, in the 
points F, E, and through E draw (31. 1.) EH parallel 
to AB or DC, and through F draw FK parallel to AD or 
BC; therefore each of the figures AK. KB, All, HD, 
AG, GC, BG, GD is a parallelogram, and their opposite 
sides are equal (34. 1.) and because AD is equal to AB, 
and AE is the half of AD, and AF the half of AB, 
AE is equal to AF ; wherefore the sides opposite to 
these are equal, viz. FG to GE ; in the same manner, it 


may be demonstrated, that 
GH, GK are each of them 
equal 'to FG or GE ; there- 
fore the four straight lines 
GE, GF,GH, GK, are equal 
to one another ; and the circle 
described from the centre G, 
at the distance of one of 
them, will pass through the 
extremities of the other 
three ; and will also touch 



the straight lines AB, BC, CD, DA, because the 
angles at the points E, F, II, K are right (29.1.) 
angles,, add because the straight line yhich is drawn 



•straw it «r «^ %% F«t, <r? .straw □ .-. 

= 3fT> .-. Ff^?T> CS&$ 5R ?tW I '•■ §*t^F 

a < .-. < i §;g;*r -3f, f 

< ^ < .-. F^sn> *m c^ffa .*. •stKI a I 


V tff^Sfl I 

>$Vfafw3> ’f’T F^Jf% <wra ^•3 •SR^f® *Ffara 
^Wl f 

^«f?N firf^ 5fJfF^5%, ®=3tC*fJ JW 'SFS'fe J ?faV5 
I 

^*| 4<f° <p^}^ra F <£R%. $ *3 Olio) 

-s f^fwFi 33*1 C3<n ** 'smi 3*t c?«tt3 
<w f f* 8 ^ f?3i f^ ««rt ^ 
*r«r3i«nt*ca<ttii TWcjs^P, 

^<r, w, -m, w, m, 7 

^®jra*3tsrr33t®r c^sr 3&ra 
■5r$3t° slrfaraa ’rfrspf f4 ’fttf « 

*i3^33tsr^R (ii^3)i 
353 *Rrf*T »w> 

?R c3«ft3 vra''® ^f»^«& cs*tt3 

■sr^^lis ^xg <pF *T<P*l3’rHt3 * 

<*KK <5^31^3 W* 3t$3 ^3^3 ml* >Wt3«|F$ 
f^ 3Prt*r 1 4Hsc*t i«wi?F3i3t^ra *ttt3 
.straw f^ *mi s<s 33 ft ^sraii? f\§ $f 
Ft% 33*1 C3*t! *r3"5i3 $ raa? 

^ra ^mfa c3^rat«r mfa *rf33t«i tra 

R w^r^jtr? FtfS %^:ta 'sfC'Sf i\%m 
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GEOMETRY. 


from the extremity of a diameter, at right angles to it, 
touches the circle (C05. 16.3.); therefore each of the 
straight lines BC, CD, DA touches the circle 
which is therefore inscribed in the square ABCD. 
Which was to be done . 

Sym . Bern. Figs. AK, KB, AH, HD, AG, GC, 
BG, GD each a a their opposite sides are equal 
and V AD = AB (Hyp.), and AE = JAD and AF 
= JAB /. AE = AF FG - GE. Similarly GH, 
GK each * FG, GE /. GE = GF « GH = GK 
and tlie © d esc wheel from Q at the distance GE will 
pass through E, F, II, K and touch AB, BC, CD, DA, 
(16.3) V <s at E,F, H, K are right <s (29.1). 

PRflP. IX. PROB. 


To describe a circle about a given square . 

Let ABCD he the given square ; it is required to 
describe a circle about it. » 

Join AC, BD, cutting one another in E; and be- 
cause DA is equal to AB, and AC common to the 
triangles DAC, BAC, the two sides DA, AC are 
equal to the two BA, AC, and the base DC 


is equal to the base B0 ; 
wherefore the angle DAC is 
eflual (8. 1.) to the angle 
BAC, and the angle DAB is 
bisected by the straight line* 

AC. In the same manner, it 
m ay be demonstrated, that the 
angles ABC, BCD, CD A are 
severally bisected by the 
straight lines BD, AC: there* 

fore because the angle DAB is equal to the ^BC, 
and the angle EAB is the half of DAB, and EBA the 
half of ABC; the angle EAB is eJpial to Ae angle 
EBA: and the side (6. 1.) to the side J&. In he 
same manner, it may be demonstrated, that* each of toe. 
straight lines EC, ED is equal to E* or EB therefore 




i 

wg 3Ffa^ .c3«ri *5M 

^fSCW C^iRl «, 5, Gf, T>, fa'55 C5t«f m&KG *r 
c^H(iR») <5? i ^rfrfMt ?Jtc>r? ^facer 

®f5l fw :R sW ^sTft *p*f «f^r *re <*r§: 5tfi ’R^r 
c?r«fl tffirsjc* "S’N' <$*tir«i c*r ^ <p«r^ 

jth 'sr^® i t?i» i 

’ft, i g$, *&■*, g^, gtw, w, 5*r, w'z, 5^ W5 
□ .-. ^t^tSOfsf ’T s |*r^ 3t5 ’Rfr 'srt? v GW 

= ^«r ( *fprl ) <fm g<s = | ^ gv = \ gw 

.-. <f« — ^5 .-. = 5 « i ®;g;?i* 5 w, 5 i> 5 tx®ji 5 = 

55 = 5 « .-. 5 <§ = 55 == 515 = 5$ <f)?t 5 5 « 

*r*rfs © finsrffsr ^f?c?r % 5 , ®-, t? fijn? c® ntm* 

<*Rt s«r, *r?r, ^r, ^ **w spfare ( vsivjj ) •.• <§ y 

5 , Gi, ^ fsfR^ < ’R < ( 5 R »3 ) I 


<2fj%^1 ’T’^ttfl t 

>4G WW <p§ <5*1%® gUuB 

I , 

gwww f*#& TO^' Wt*H5 jw «rfara Gkus^w 1 

<P^T WW W\W£® GW, « jV‘5 c® 

JTMt® 3 #^ I ’sm-? 

' SR GW ’RfST <£) 3 Tt 3 R ^f«R ^ 5 f 
’tt’ft^i ?ts; < 3 ^?*, 

^sp gw ^ 315 

5ft5S ’TTR <SRt ^ '«- 

fail ^5TJ ^%tt Wf C5t«i WGW 

cSptC«RI ’Rfa ( 51b-) <*TCt WGWCG^ 3R ’Tjm «<Tl ftiTl 
faT9 ^st'( ^c«f t^t'3 ^*r*ra gw\ fattra *rtca 

c 
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the four straight lings EA, EB, EC, ED are equal to 
one another ; and the circle described from the centre 
E, at the distance of one of them, must pass through 
the extremities of the other three, and be described 
about the square A B CD. Which was to be done. 


Sym. Dem . DA = AB, DC = BC, AC common 
to as ADC, ABC (8.1) < DAC « < BAG % 
<BAD is bisected by AC. Similarly <s ABC, BCD, 
CDAwe bisected by BD and AC. v < DAB = < 
ABC, and EAB = h DAB and EBA = J ABC 
< EAB = < EBA /. EA = EB (6.1). "Similarly 
EC '= ED = EA =4 EB the circle described from 
E at the distance EC, will pass through A,B,C,D. 


PROP. X. PROB. 


To describe an isosceles triangle , having each of the 
angles aft the base double the third angle . 

Take any straight line AB, and divide (11. 2.) it in 
the point 0, so that the rectangle AB. BC maybe equal 
to the square of AC ; and from the centre A, at the 
distance AB, describe the circle BDE, in which place 
(1. 4.) the straight line BD equal to AC, which is not 
greater than the diameter of the circle BDE ; join DA, 
DC, and about the triangle ADC describe (5. 4.) the 
circle ACD; the triangle ABD is such as is required, 
that is, each of the angles ABD, ADB is double the 
angle BAD. 



<sr ¥«T 9 f, c*Ft«i 3 R*tj *N, ^ 

*\jm <<r*ri ^1 i «r*tjf ^«tc$t$ 

c^1l=l? JWfar tfP«T c^t 5 ! W*rc*tC«fif 
OTtej <ff*tsr«l <S^«r c?t«l ««r^ C^tC^I 

^rsri ^vsirK Tfg -s«r Tt m (^i^)i 

*fttsr ^ «ir, «*r! strain ^ 

<&■$ c?r<rt 3 ^«at“ vs¥,^«r,sg^, &n, >hr c?-*ti 
4 '$%$ cwm *%F 5 'st^ticjffa c^ijt 
* rfiRt«l tri ^-3 $rf ^3 jpfacsT <stcj ■jr^csRr 'arcaP»rc*f$ 
f t§ <f«w w^WHir 'srfoa 
^tc*r 1 t«cft ’iMtWJ 1 * 

^ 1 ^<f = ^«t, ^ = «W, 3 «r, wf ,^<Wfaf^- 
csnr jrfafaJ ^ ■*• (v*) < wr = -w .-. < 
w trai fW^ 1 < w, < <m, < 

^ *m rn^\ .-. <w«r = <*«t*r 
<§^-*r = = $*«r*'.\ «^«r = 

\g<t^ .-. ^ = «<f ( i|^) ■ $-5^ ^ ^ = <§* — 

«<r .-. « %r ?r*fra fs «W *?, % 

% *t fwl trit^ 1 


> ,*n%&i t >iMt?J I 

<f?T5[ ^ C*t1 <2ffl5TC* fW l 

** ^ owl w^rl s®t^i ?t f^frw ' : 4ws 'St'^tca 
fwN ^ C^if <F«l.«Ttf 'srt^ 5T?^T ci^tl ’TfF^- 
's W 5 Rtir ?y (» N pi ) 1 *m ^ fRt W 

fg ^trs -m ’Tfsr c?ki ^jfc^ '5rirft[^ 

•^*!t. csisrta ’rsrtsr ^tf*r« (8t> ) 1 
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GEOMETRY. 


Because the rectangle 

of AG, and AG equal "co 
1) D, the rectangle AB. 

BC is equal to the 
square of BD : and be- 
cause, from the point 
B without the circle 
AC D, two straight lines 
EGA, BD are drawn to 
the circumference, one 
of wlikh cuts, and the 
other meets the circle, 
and the rectangle AB. 

BC contained by tne 
whole of the cutting 

line, and the part of it without the circle, is equal to the 
square of BD which meets it; the straight line BD 
touches (37. 3.) the circle ACD. And because .BD 
touches the circle, and DC is drawn from the point of 
contact D, the angle BDC is equal (32. 3.) to the angle 
DAC in the alternate segment of the circle ; to each 
of these add the angle CD A, then the whole angle 
BDA is equal to the two angles CD A, DAC : but the 
exterior angle BCD is equal (32. 1 .) to the angles CDA, 
DAC ; therefore also BDA is equal to BCD ; but BDA 
is equal (5. 1.) to CBD, because $ie side AD is equal 
to the side AB ; therefore C$D, or DBA is equal to 
BCD ; and consequently the three angles BDA, DBA, 
BCD, are equal to one another. And because the 
angle DBC is equal to the angle BCD, the side BD is 
equal (6. 1.) to the side DC; but BD was made 
equ^l to CA; therefore also CA is equal to CD, and the 
angle CDA equal (5. 1.) to the angle DAC ; therefore 
the angles CDA, DAC together are double the angle 


AB. BC is equal to the square 








5R 

TO TO[ 

<T^ RlV® *5 (81-*) I 
TO ^C«T f^rsSF 

sTO-strere 
«5t*iTOrcsft«i*fTOi 
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*ifaf^ flute* ®wa '**&■ cw 

'srinvt a rgc® *r?*rtf Rtar '^t ■ cjwta 

3T*[ini '3 ^rtus *«t.«t^ 

3i“5T?T c<r«fta JR^fVW ^5fj *sw?r«i 

(®l®^) ■sfR *R«T C<f-®ft ^TO **t*T ^ftcscs I 

^rf«T5 cgtfl: T5 TO ^f?C3C5 w c*<rfTO 
fs$ R 3$C® f%ff*T3 W-TO TOC^t'l fCOT 

gn? *IW5 CTO* TOT ( N5!^ ) 4t 

^icTO:® mwc*1toN %fs c*r to* *rw c*t«i 
to ^ir ^ $$ c^cm Tot f%i to 
c*t«i cTOsr (vi®?) ^TOx«to 

TO TOT I TO?** ^St^tS^RR^TO® (ii <t)TO 
To TOr xt&CW '*34? TO TOtl TO 5 CSFM'TO 
*Rt? ^srti TO 5 TO^f^<*fTO*TO;TOr 
TOa -TO c^-fa -TO c^ir«*?r TOr ^ntc* m ** 

• *TO ^rO>n») I “«IR ** cgtrtg ^?rj fs^uttfTO. 
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DAO; but BCD is equal to the angles CDA, BUG 
(32. 1.) ; therefore also BCD is double DAC. But BCD 
is equal to each of the angles BDA, DBA, and therefore 
each of the angles BDA, DBA is double the angle DAB ; 
t herefore an isosceles triangle ABD is described, having* 
each of the angles at the base double the third angle. 
Which was to he done. 


u Co3^. I. Ihe*angle BAD f is the fifth part of two 
u right angles. For, since each of the angles ABD 
“ and ADB is equal to twice the angle BAD, they are 
“ together equal to foufc times BAD, and therefore all 
“ the three angles ABD, ADB, BAD, taken together, 
“ are equal to five times the angle BAD. But the three 
** angles ABD, ADB, BAD are equal to two right 
** angles, therefore five times the angle BAD is*equaf to 
“ two right angles ; or BAD is the fifth part of two 
right angles. 


l( Cor. 2. Because BAD is the fifth part of two, or the 
u tenth part of four right angles, all the angles about 
“ tire centre A are together equal to ten times the 
“ angle BAD, and may therefor^ he divided into ten 
“ parts each equal to BAD. And as these ten equal 
“ angles at the centre must stand on ten equal 
arches, therefore the arch bD is one-tenth of the 
“ circumference ; and the straight line BD, that is AC, 
“ is therefore equal the side of an equilateral decagon 
“ inscribed in the circle BDE.” 


SgilLJkm. . vAB.BC = AC" and AC == BD • 
AB.P = BD" - (37.3) BD touches the ©ACD t 



ca<rt« cs^rt'T f5fi ^saK 
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•3<Rf c^ICtf «T^ C¥ft*l3 Fgi^fa $*%■ ?R*f 
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? wgrtsr i w*- ’w c$t:‘isi ^tvstfa 
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attest to wtc'snr- jf*r j><{ ^kk CT it to 

tfFfaC 5 * F*f ^i%5T GSZvW 'aflf TOT Tr51t«T ^c?l I 
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<BDC = <DAC (32.3) <BDA = <DA»+ 
<CDA. But < BCD = <CDA + <DAC (32.1) 
<BCD= <BDA. But <BDA = <CBD(5. 1) 
< CBD or DBA = <BCD » EDA BD = 
DC (6.1) DC = CA <CDA = <DBC 
CDA + <DAC BCD = 2 <DAC.\ <BDA. 
or < DBA = 2<DAC. 


PROP. XI. PROB. 

t: 

To inscribe an equilateral and equiangular pentagon in a 
^ given circle . 

Let ABODE be the given circle, it is required to 
inscribe an equilateral and equiangular pentagon in the 
circle ABODE. 

Describe (10. 4.) an isosceles triangle FGH, having 
each of the angles at G, H, double the angle at F ; 
and in the circle ABODE inscribe (2. 4) the triangle 
ACD equiangular to the triangle FGH, so that the 
angle CAD may be equal to the angle at F, and each 

of ' the angles 
ACD, CDA equal 
to the angle at G 
or H - wherefore, 
each of the an- 
gles ACD, CDA 
is double the 
angle CAD. Bi- 
sect (9. !,) the 
angles ACD, 

CDA by the 

straight lines CE, DB ; and join AB,BC,DE,EA 
ABCDE is the pentagon required. 
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Because the angles ACD, CDA are each of them 
double CAD, and are bisected by the straight lines 
CE, DR, the five angles DAC, ACE, ECD, CDR, 
BDA are equal to one another; but equal angles 
stand upon equal (26. 3.) arches; therefore the five 
arches AB, BC, CD, DE, EA are equal to one another : 
and equal arches are subtended by equal (29. 3.) 
straight lines ; therefore the five straight lines AB, BC, 
CD, DE, EA are equal to one another. Wherefore the 
pentagon ABQDE is equilateral. It is also equian- 
gular , 1 because the arch AB is equal to the arch DE; 
if to each be added BCD, the whole ABCD is equal 
to the whole EDCB : and the angle AED stands on 
the arch ABCD, and the amrle EAB on the arch 
EDCB : therefore the angle BAE is equal (‘27. 3.) 
to the angle AED : for the same reason, each of the 
angles ABC, BCD, CDE, is equal to the angle BaE, 
or AED : therefore the pentagon ABODE is equian- 
gular; and it has been shewn, that it is equilateral. 
Wherefore, in the given circle, an equilateral and 
equiangular pentagon has been inscribed. Which was 
to be done . 


Otherwise : 

“ Divide the radius of the given circle, so that the 
“ rectangle contained by the* wftole and one of the 
“parts may be equal to the square of the other 
“(11. 2.) Apply in the circle, on each side of a 
“ given pointy a line equal to the greater of these parts ; 
“ then (2, Cor.) each of the arches cut off will be one- 
“tent^ of the circumference, and therefore the arch 
“ mile up of both will be one fifth of the circum- 
“ fereiice ; and if the straight line subtending this 
“arch be drawn, it will be the sidfe of an« equilate- 
ral pentagon inscribed in the circle.” 
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Sym. Dem. v Zs ACD, CDA are bisected by 
CE and DB, and each of them = 2 CAD /. L DAC 
= ACE = EOD = CDB « BDA /. arc CD = arc 
AE = arc ED = arc BC = arc AB (26. 3) CD = 
AE == ED = BC « AB (29. 3) .% Pentag. ABODE 
is equilateral. Again arc AB == arc DE .\ arc AB 
+ arc BCD i. e. the arc ABCD = arc DE + arc 
BCD i. e. the arc BCDE L AED « L BAE (27. 3) 
similarly L ABC « BCD » CDS = AED = BAE 
.\ Pentag. ABCDE is equiangular. 

PROP. XII. PROB. 

To describe an equilateral and equiangular pentagon 
about a given circle . 

Let ABCDE be the given circle, it is required to de- 
scribe an equilateral and equiangular pentagon about 
the circle ABCDE. 

Let the angles of a pentagon, inscribed in the 
circle, by the last proposition, be in the points A, 
B, C, D, E, so that the arches AB, BC, CD, 
DE, EAare equal ( 11. 4.); and through the points A, 

B, C, D, E draw GH, 4 
HK, KL, LM, MG. 
touching (17. 3.) the 
circle ; take the centre 
F, and join FB, FK, 

FC, FL, FD. And be- 
cause the straight line 
KL touches the circle 
ABODE in the point 

C, to which FC is 
drawn from the centre 
F, FC is perpendi- 

cular (18. 3.) to KL; therefore each of the angles 
at C is a right angle; for the same reason, "the 
angles at the points B, D are right angles; and 
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because FCK is a right angle the square of FK 
is equal (47. l.)to the squares of FC, CK. For 
the same reason, the square of FK is equal to the 
squares of FB,"BK : therefore the squares of FC, CK, 
are equal to the squares of FB,BK, of which the square 
of FC is equal to the square ofFB; the remaining square 
of CK is therefore equal to the remaining square 
of BK, and the straight line CK equal to BK : and be- 
cause FB is equal to FC and FK common to the triangles 
BFK CFK, the two BF, FK are equal to the two CF, 
FK ; and the base BK is eqyal to the base KC ; there- 
fore the angle BFK is equal (8. 1 ) to the angle KFC, 
and the angle BKF to FKC : wherefore the angle BFC 
is double the angle KFC, and BKC double FKC : for 
the same reason, the angle CFD is double the angle CFL, 
and OLD double CLF : and because the arch BC is equal 
to the arch CD, the angle BFC is equal (27. 3.) to the 
angle CFD ; and BFC is double the angle KFC, 
and CFD double CFL; therefore the angle KFC is 
equal to the angle CFL : now the right angle FCK is 
equal to the right angle FCL : and therefore in the 
two triangles FKC, FLC, there are two angles of the 
one equal to two angles of the other, each to each, 
and the side FC, which is adjacent to the equal 
angles in each, is cqmmon to both ; therefore the 
other sides are equal (2f>. 1.) to the other sides, and 
the third angle to the third angle: therefore the 
straight line KC is equal to *CL, and the angle FKC 
to the angle F LC : and because KC is equal to 
CL, KL is double KC : in the same manner, it 
may be shewn, that HK is double BK : and because 
BK is equal to KC, as was demonstrated, and KL is 
double KC, and HK double BK, HK is equal to KL : 
in like manner, it may be shewn, that GH, GM, ML are 
qf them equal to HK or KL ; therefore the pentagon 
<|pP$LLM is equilateral. It is also* equiangular ; for, 
i®e the angle FKC is equal to the angle FLC, and 
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the angle HKL double the angle FKC, and KLM 
double FLC, as was before demonstrated, the angle 
HKL is equal to KLM : and, in like manner, it may be 
shewn, that each of the angles KH6, HGM, GML is 
equal to the anale HKL or KLM, therefore the five 
angles GHK, HKL, KLM, LMG, MGH, being equal 
to one another, the pentagon GHKLM is equiangular : 
and it is equilateral, as was demonstrated ; and it is des- 
cribed aboutthe circle ABODE. Which was to be done. 


St/m. Dm. V FC J_ KL (18. 3.) <s at C are rt. 
<s, so are <s at B and D rt. <s a FK 2 = FC 2 +CK 2 
(47. 1.) Similarly FK 2 = FB 2 + BK 2 .-. FC 2 + 
OK* = FB 2 + BK 2 but FC 2 = FB 2 .-. OK 2 = 
BK 2 .*. CK <m BK. •.* FB = FC and FK common 
to As BFK, CFK, and BK = KC A (8. 1,) < BFK 

- < KFC and < BKF = < CKF A < BFC = 
2< KFC and < BKC = 2 FKC. Similarly < CFD 

— 2 < CFL and < CLD = 2 < CLF. Again v arc 
BC - arc CD, < BFC - < CFD (27. 3.) Now 
BFC = 2 KFC* and CFD = 2 CFL a KFC - 
CFL, and v FCK = FCL and FC common to 
as FKC and FLC A (26.1.) < FKC » < FLC 
and KC * CL a KL = 2 KC. Similarly HK = 2 
BK. Now v' BK = KC, HK = KL. So GH, GM, 
ML each = HK - KL * Fentag. GHKLM is 
equilateral. Further v < FKC =» < FLC and HKL 
= 2 FKC and KLM - 2 FLC A HKL « KLM. 
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So <s :v ‘ 
l > ontU2r 


HGM, GML each = HK.L = KLM 
GHKLM is equiangular. 

PROP. XIII. PROB. 


To inscribe a circle in a given equilateral and equian- 
gular pentagon. 

Let ABODE be the given equilateral and equian- 
gular pentagon ; it is required to inscribe a circle in the 

'^Bisect (Q^hfthe angles BCD, CI)E by the straight 
lines GF DF, and from the point F, in which they 
ilieet, draw the straight lines FB FA, FE: there- 
fore, since BC is equal to CD, and CF common to the 
triangles BCF, DCF, the two sides BC, CF are equal 
to the two DC, CF ; and the angle LCF .s equal to the 
anole DCF ; therefore the base BF is#qual (4. 1.) to 
the base FD, and the other angles to the other angles, 
to which the equal sides are opposite; therefore the 
angle CBF is equal to the angle CDF : and because 
the angle CDE is double. CDF, and ODE equal to 
CBA, and CDF to CBF; CBA is also double the 
'angle CBF ; therefore 
the ... angle ABF is 
equal to the angle 
C B F ; wherefore the 
angle ABC is bisected 
bv' the straight line 
BF; in the same man- 
ner, it, may be demon- 
strated, that the angles 
BAE, AED, are bisect- 
ed by the straight lines 
AF, EF : from the 
point F draw (12. L) . , , , * 

FG, FH, FK, FL, FM perpendicular to the straight 
lines AB, BC, CD, DE, EA : and because the ang e 
H CF is equal to KCF, and the light angle FHC tqu«I 
to the , right angle FKC, in the triangles FHC, **V 
two angles of the one $re equal to two angles o 1 
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oth^pd the side FC, which is opposite to one of the 
equal angles in each, is common to both ; therefore, the 
other sides ar$ equal (26. 1.), each to each; that is, the 
perpendicular FH is equal to the perpendicular FK. 
In the same manner it may be demonstrated, that FL, 
FM, FG are each of them equal to FH or FK : there- 
fore the five straight lines FG, FH, FK, FL, FM are 
equal to one another ; wherefore the circle described 
from the centre F, at the distance of one of these ‘five, 
will pass through the extremities of the other four, and 
touch the straight lines AB/BC, CD, DE, EA, because 
the angles at the points G, II, K, L, M are right angles, 
and a straight line drawn from the extremity of the 
diameter of a ciroJe at right angles to it touches 
(Cor. 16. 3.) the circle : therefore each of the straight 
lines AB, BC, CD, DE, EA touches the circle; where- 
fore the circle is inscribed in the pentagon ABCDE. 
Which was to he done . 


Sym. Dem . V BC = CD, and*FC common to as 
BFC, DFC and < BCF » DCF A BF « FD, and 
< CBF = < CDF. Again v < CDE = 2 CDF 
and CDE « CB A and CDF = CBF a CBA « 2 
CBF a ABF « CBF a < ABC is bisected by BF. 
Similarly <s BAE, AED are bisected by AF, EF. 
Now < HGF = KCF and.< FHC = < FKC and 
FC common to as HFC, KFC (26. 1.) FH = 
FK. Similarly FL, FM, FG each » FH - FK a 
the © described from F at the distance FH will pass 
through H, K, L, M, G and touch AB, BC, CD, DE, 
EA (Cor. 16. 3.) v the <s at G, H, K, L, M, are <s. 
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« PROP. XIV. PROB. 

To describe a circle about a given equilateral and equian- 
4 gular Pentagon . 

Let ABODE be the given equilateral and equian- 
gular pentagon ; it is required to describe a circle 
about it* • 

Bisect (9. 1.) the angles BCD, CDE by the straight 
lines CF, FD, and from the point F, in which they 
meet, draw the straight lines FB, FA, FE to the points 

B, Af E. It may be de- t 
monstrated, in the same 
manner as in the preced- 
ing proposition, thSt the 
angles CBA, BAE, AED 
are bisected by the 
straight lines FB, FA, 

FE : and because the 
angle BCD is equal to the 
angle CDE, and FCD is 
the half of the angle 
BCD, and CDF the half 

of CDE; the angle FCD is equal to FDC; where- 
fore the side CF is equal (6. 1.) to the side FD : In 
like manner, it may be demonstrated, that FB, FA- 
FE are each of them equal to f C or FD : therefore 
the five straight lines, FA, Ffe, FC, FD, FE are equal 
to one another ; and the circle described from the centre 
F, at the distance of one of them, will pass through 
the extremities of the other four, and be described 
about the equilateral and equiangular pentagon 
ABCDE. Which was to be done. 

Sym. Dm, It may be shown as in the preceding 
proposition thatf<s CBA, BAE, AED are bisected by 
FB, FA, FE. Now v <BCD = CDE and FCD 
| BCD and CDF = J CDE <FCD « < FDC 
,\ CF «* FD (6. 1). Similarly FB, FA, FE each = ' 
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CF tm FD /. the © described from F at the distance 
FC will pass through A, D, C, D, E. 

' PROP, XV. PROB. 

To inscribe an equilateral and equiangular hexagon in a 
given circle . 

Let ABCDEF be the given circle; it is required to 
inscribe an equilateral and equiangular hexagon in it 

Find the centre G of the circle ABCDEF, and 
draw* the diameter AGO ; £nd from D as a centre, at 
the distance DG, describe the circle EGCH, join EG, 
CG, and produce them to the points B, F ; and join 
AB, BC, CD, DE,EF, FA : the hexagon ABCDEF 
is equilateral and equiangular. 

Because G is the centre of the circle ABCDEF, 
GE is equal to GD : and because D is the centre of 

the circle EGCH, DE is equal 
to DG ; wherefore GE is 
equal to ED, and the triangle 
EGD is equilateral ; and 
therefore its thqee angles EG- 
D, GDE, D EG, are equal to 
one another (Cor. 5. 1.); and 
the three angles of a triangle 
are equal (32, I.) to two right 
angles;, therefore the ang$e 
EGD is the third part of two 
right angles ; in the same man- 
ner, it may be demonstrated, 
that the angle DGC is also 
the third part of two right 

angles : and because the straight line GC makes with 
EB the adjacent angles EGC, CGB equal ( i3. L) to 
two right angles: the remaining ingle CGB is the 
third part of two right angles: therefore the angles 
EGD, DGC, CGB, are equal to one another and 
also the angles vertical to them, BGA, AGF, FQE 


A. 
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(15. I.); therefore the six angles EGD, DGC, CGB, 
BOA, AGF, FGEare equal to one another. But equal 
angles at the centre stand upon equal (26. 3.) arches ; 
therefore the six arches AB, BC, CD, DE, EF, FA 
are equal to one another ; and equal arches are subtend- 
ed by equal (29. 3.) straight lines ; therefore the six 
straight lines are equal to one another, and the hexa- 
gon ABC.DEF is equailateral. It is also equiangular ; 
for, since the arch AF is equal to ED/ to each of 
these add the arch ABC!) ; therefore the whole 
arch JFABCD 'shall be equal to the EDCBA: and 
the angle FED stands upon the arch FABCD, and 
the angle AFE upon EDCBA ; therefore the angle 
AFE is equal to FE13 : in the same manner it may be 
demonstrated, that the other angles of the hexagon 
ABGDEF are each of them equal to the angle AFE or 
FED ; therefore the hexagon is equiangular ; it is also 
equilateral, as was shewn : and it is inscribed in the 
given circle ABCDEF. Which was to be done. 

Cor. From this it is manifest, that the side of the 
hexagon is equal to the straight line from the centre, 
that is, to the radius of the circle. 

And if through the points A, B, C, D, E, F, there 
be drawn straight lines touching the circle, an equila- 
teral and equiangular hexagon c shall be described 
about it, which may be demonstrated from what has 
been said of the pentagon : and likewise a circle may be 
inscribed in a given equilateral and equiangular hexa- 
gon, and circumscribed about it, by a method like to 
that used for the pentagon, 

Sym.Dm. GE = GD and DE » DG a GE 

* DE ;, a EGD is equilateral A < EGD = GDE 
_ DEG (Cor. 5. 1) EGD*= Jof2 rt <» 
(32. 1.) Sintilarly DGC = J of 2 rt. <s a < 
CGB « i of 2 rt <s(i3. 1.) a < EGD — DGC 0 

* CGB I.) BGA * AGf » FGE /. the 

arcs AB, BC, CD, DE, EF, FA arc equal to one 
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another (26. 3.) the straight lines AB, BC, CD/ 
DE, EF, FA are equal to one another (29. 3.) 
hexag. ABCPEF is equilateral. Again v arc AF 
= ED, the whole arc FABCD « arc EDCBA .\ < 
AFE =as < FFD (27. 3.) Similarly the other <s of 
Hexap. ABCDEF each = AfcE or FED Hexag. 
ABCDEF is equiangular. 

PROP. XVI. PROB. 


To inscribe an equilateral and equiangular quindecagon 
in a given circle . 

Let ABCD be the given circle ; it is required to in- 
scribe an equilateral and equiangular quindecagon in 
the circle ABCD. 


Let AC be the side of an equilateral triangle inscribed 


(2. 4.) in the circle, and AB 
the side of an equilateral and 
equiangular pentagon in- 
scribed (11. 4.) inf* the sam e ; 
therefore, of .such equal parts 
as the whole circumference 
ABCDF contains fifteen, the 
arch ABC, being the third 
part of the whole, contains 
five ; and the arch AB, 
which is the fifth part of 



the whole, contains three ; therefore BC their difference 
contains two of the same parts, bisect (30. 3.) BC 
in E ; therefore B E, EC are each of them the fifteenth 
part of. the whole circumference ABCDE : therefore 
ift#e straight lines BE, EC be drawn, and straight 
lihfl equal to them be placed (1.4,) around in the whole 
circle, an equilateral and equiangular equindecagon 
will be inscribed in it. Which was ta be done . 
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And, in the same manner, as was done in the penta- 
gon, it through the points of division made by inscrib- 
ing the quindecagon, straight lines be drawn touching 
the circle, an equilateral and equiangular quindecagon 
may be described about it : And likewise, as in the pen- 
tagon, a circle may be inscribed in a given equilateral 
and equiangular quint) ecagon, and circumscribed about 
it. 

Sym. Dem. Arc ABC » T V O ABCDF and are 
AB » X Q ABCDF x ABC — AB or are BC - xx 
0 ABCDF x arc EB = Q ABCDF x by joining 
EB and placing straight lines equal to it around in the 
whole O an equilateral and equiangular quindecagon 
will be inscribed in the 0 
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BOOK V*. 


In the demonstrations of this book there are certain 
signs or characters which it has been found conveni- 
ent to employ. 

“ 1. The letters A, B, C, &c. are used to denote 
“magnitudes of any kind. The letters m, n, p, q, are 
“ used to denote numbers only. 

“ 2. The sign 4- ( plus,) written between two letters, 
u that denote magnitudes, or numbers, signifies the 
“ sum of those magnitudes or numbers. Thus, A 4- 
“ B is the sum of the two magnitudes denoted by the 
“letters A and B ; m 4- n is the sum of the numbers 
“ denoted by m and n. 

“ 3. The sign — ( minus,) written between two let- 
“ ters, signifies the excess of the magnitude denoted 
“ by the first of these letters, which is supposed the 
“ greatest, above that which is denoted by the other. 
“ Thus, A — B signifies the excess of the magnitude A 
“ above the magnitude B. 4 

— ’ - 4 ; 

“ 4.- When a number, or a letter denoting a number, 
“ is written close to another letter denoting a magnitude 
“ of any kind, it signifies that the magnitude is multi- 
“ plied by the number. Thus 3 A signifies three times 
“ A ; m B, m times B, or a multiple of B by m. When 
the number is intended to multiply two or more mag- 
“ nitudes that follow, it is written thus, m (A + B,) 


* The propositions of the 6rh and 5th books are roost of them 
symbolically demonstrated, in whole or in part, in the trxt, No 
other dfcmgostrstioos of the same aoit are therefore added. * 



e Wfl* ! 


<2ff%S5l JT3R ¥f?Rta 

fsrf*rar 3#nu f?f w3<n *r*?r st:¥W *%\ c^fsr i 
^ “*. *t, ^ t sitfw ^r^:t swifts 3tf*r 

^ *P £f«p5 «T*3 C^TO Jft^rl 3"tFF 33, I 
5> “ + 4t fttJS id¥ 5jiT I CW-tf 3tf-T ^33i 
'sn? ¥tF¥5 'swsa ¥C¥i ^ f&f *rtf%:?r ^ <nH smi 

<5^3 ^T^-STJT I?|¥ I 3> + •¥, t3t3 ¥5 m\ 

•4f ^Z1 3J^ ^ 3l!% CTf'Sf, 5*11 ^ + 1 

*nri *sr ^ ^^3 c*ritf i 

VS “— ilt fkf 3 JTR 31-1 I wX ^*533 ¥3T?^ ^ fFf 
3W3 sffs 3tf% 3tt5 

3133 -^ ^nr 1 3*rt 3 — «r, ^13 «k*Nt 

<P3lf*r Mre «r 3tf*t3 ^13 M|a f3ntKf?f*r¥> 1 ■ 

8 “c3t3 ^r«T3l w 3tFP to C3t=r 

3tf*ra 3#^ . 3tc?i 5f3t3 M >at: c3 

^3tf*r £ w 3t3l ^atc? 3*n Mia 35 
3if*t3 laM 1 ^ «r.««i ^ ^ ^ 

3tf*f3 ^r*t3^sj 1 Mf 'srfasp 3tf*r3 w 

M Mt? ferRc^S 33 331 /**( 3+3) 
^t3 5t«Ml, 343V3 3if% C3t* m 3f33ft«l *ft« I 

* *\m 3& Mjtnts ^fwtvr *mz* 

<4*t3«l 5^3 3rt3 <^t3 




29 


GEOMETRY. 


“ which siguifies the sum of A and B taken m times ; 
u m (A — B) is m times the excess of A above B. 

“ Also, when two letters that denote numbers are writ- 
u teu dose to one another, they denote the product of 
“ those numbers when multiplied into one another. 
“ Thus, mn is the product of into n ; and mn A is A 
u multiplied by the product of m into n. 

“ 5. The sign » signifies the equality of the magni- 
u tudes denoted by the letters that stand on the oppo- 
“ si^e sides of it ; A = B signifies that A is equal to B ; 
i( A -f B as C — D signifies that the sum of A and B is 
“ equal to the excess of C above D. 

“ 6. The sign^ is used to signify that the magni- 
“ tudes between which it is placed are unequal, and 
u that the magnitude to w liich the opening of the lines 
u is turned is greater than the other. Thus A B 
“ signifies that A is greater than B ; and A ^ B 
u signifies that A is less than B.” 


DEFINITIONS. * 

I. A less magnitude is said to be a part of a 
greater magnitude, when the less measures the greater, 
that is, when the less is contained a certain number of 
1 times exactly in the greater. 

II. A greater magnitude js s*aid to be a multiple of 
a less, when the greater is measured by the less, that 
is, when the greater contains the less a certain num- 
ber of times exactly. 

III. Ratio is a mutual relation of two magnitudes, 
of the same kind, to one another in respect of 
quantity. 

IV. Magnitudes are said to be of the same kind , 
when the less can be multiplied so as to exceed the 
greater ; and it is only such magnitudes that are 
said to have a ratio to one another. 

V. If there be four magnitudes, anti if any equimul- 
tiples whatsoever be taken of the first and third, and 
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any equimultiples whatsoever of the second and fourth y 
and if, according as the multiple of the first is greater 
than the multiple of the second, equal to it, or less, the 
multiple of the third is also greater than the multiple 
of the fourth, equal to it, or less ; then the first of the 
magnitudes is said to have to the second the same 
ratio that the third has to the fourth. 

VI. Magnitudes are said to be 'proportionals , when 
the first has the same ratio to the second that the 
thirtl has to the fourth ; and the third to the fourth 
the same ratio which the fifth has to the sixth, and 

so on, whatever be their number. 

* 

When four magnitudes, A, B, C, D are prop or- 
“ tionals, it is usual to say that A is to B as C to 
" D, and to write them thus, A 1 B I : C I D, or 
“ thus, A : B = C : D.” 

VII. When of the equimultiples of four magnitudes, 
taken as in the definition, the multiple of the first is 
greater than Jhat of the second, but the multiple 
of the third is not greater than the multiple of the 
fourth ■$ then the first is said to have to the second 
a greater rath than the third magnitude has to the 
fourth ; and, on the contrary, thjs third is said to have 
to the fourth a less ratio tHhn the first has to the 
second. 

VIII. When there is any number of magnitudes greater 
than two, of which the first has to the second the 
same ratio that the second has to the third, and the 

the same ratio which the third has 
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to' the fourth, and so on, the magnitudes are said to be 
continual proportionals. 

6 

IX. When three magnitudes are continual proportion- 
als, the second is said to be a mean proportional be- 
tween die other two. 

X. When there is any nnmberof magnitudes of the 
same kind, the first is said to have to the last the 
ratfo compounded of the ratio which the second has to 
the third, and of the ratio which the third has to the 
fourth, and so on unto the last magnitude. 

For example, if A, B, C, D be four magnitudes of the 
same kind, the first A is said to have to the last D, 
the ratio compounded of the ratio of A to B, and of 
the ratio of B to C, and of the ratio of C to D ; or 
the ratio of A to D is said to be compounded of the 
ratios of A to B, B to C, and C to D. 


And if A : B : : E : F ; and B : C:*: G : H ; andC: D :: 
K ; L, then, since by this definition, A has to I) tfie ratio 
compounded of the ratios of A to B, B to C, C to D : 
A may also be said to have D e the ratio compound- 
ed of the ratios which are ^the same with the ratio 
ofE to F, G to H, and K to L. 

In like manner, the same things being supposed, if M 
has to N the same ratio which A has to D, then, for 
shortness’ sake, M is said to have to N a ratio com- 
pounded of the same ratios, which compound the ratio 
of A" to D ; that is, a ratio compounded of .the ratios 
of E to F, G, to H, and K to L, 
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XL. If three magnitudes are continual proportionals, 
the ratio of the first to the third is said to be du- 
plicate of the ratio of the first to the second. 

* Thus, if A be to B as B to C, the ratio of A to 0 is 
“ said to he duplicate of the ratio of A to B. Hence, 

4 4 since by the last definition, the ratio of A to C is 
u compounded of the ratios of A to B,and B to C, a 
16 ratio, which is compounded of two equal ratios, is 
“ duplicate of either of these ratios.” 

. 

X II. If four magnitudes are continual proportionals, 
the ratio of the first to the fourth is said to be tripli- 
cate of the ratio of the first to the second, or of the 
ratio of the second to the third, &c. 

“ So also, if there are* five continual proportionals; the 
“ ratio of the first to the fifth is called quadruplicate of 
“ the ratio of the first to the second ; and so on, ac- 
u cording to the number of ratios. Hence, a ratio com- 
“ pounded of three equal ratios is triplicate of any one 
“ of those ratios ; a ratio compounded of four equal 
“ ratios quadruplicate / ■ kc. 


XIII. In proportionals, the antecedent terms of the 
“ ratios are said to be homologotts to one another, 
and the consequents of ratios are said to the 
to one another. 


Geometers make use of the following technical words 
to signify certain ways of changing either the order 
or magnitude of proportionals, so as that they con- 
tinue still to be proportionals. 

* 4 • ■ 

XIV. Pemutando, or allernando, by permutation, or 
Ornately ' ;'this word is used when there are fou* 
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proportionals, and it is inferred, that the first has the 
same ratio to the third which the second has to the* 
fourth ; or that the first is to the third as the second 
to the fourth : See Prop. 16, of this Book. 

XV. Invertendo bv Inversion : When there are four pro- 
portionals, and it is inferred, that the second is to the 
first as the fourth to the third. Prop. A. Book 5* 

X V I , Componendo, by composition : When there are 
four proportionals, and it is inferred, that the first, to-* 
gether with the second, is to the second, as the third, 
together with the fourth, is to the fourth. 18th Prop. 
Book 5. 

XVII. Dividends , by division: When there are four 
proportionals, and it is inferred, that the excess of 
the first above the second, is to the second, as the 
excess of the third above the Fourth, is to the fourth. 
17th Prop. Book 5. 

t 

XVIII. Convertendo by conversion: When there are 
four proportionals, and it is inferred, that the first is 
to its excess above the second, as the third to its ex- 
cess above the fourth. Pi'4>. D. Book 5. 

.XIX . Ex (pqvali, (sc. distantia,) or ex cequo, from equa- 
lity of distance ; when there is any number of magni- 
tudes more than two, and as many others, so that 
they are proportionals when taken - two and two of 
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each rank, and it is inferred, that the first is to the 
last of the first rank of magnitudes, as the first is to 
the last of the % others. Of this there are the two 
following kinds, which arise from the different 
order in which the magnitudes are taken two and two. 


XX. Ex (Eguali f from equality : this term is used simply 
by itself, when the first magnitude is to the second of 
the first rank, as the first to the second of the other 
rank ; and as the second is to the third of the first 
rank, so is the second to the third of the other; and 
so on in order, and klie inference is as mentioned in 
the* preceding definition; whence this is called or- 
dinate proportion. It is demonstrated in the 22d 
Prop. Book 5. 


XXI. Ex (Bqualiy in proportione perturbata , seu inor* 
diruita ; from equality, in perturbate, or disorderly 
proportion : thi$ term is used when the first magni- 
tude is to the second of the first rank, as the last but" 
one is to the last of the second rank ; and as the se- 
cond is to the third of the first rank, so is the last 
but two to the last but one of the second rank ; and 
as the third is to the fourth of the first rank, so is the 
third from the last, to the last but two, of the second 
rank ; and so on in a cross, or inverse order ; and the 
inference is as in the 19th definition. It is demon- 
strate in the 23d Prop, of Book V. 


AXIOMS. 

L ft urn ri/npus of the same, or of equal magnitude^ 
are equal to one another. 
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If. Those magnitudes of which the same, or equal mag* 
nifude^, are equimultiples, are equal to one another, 

III. A multiple 1 of a greater magnitude's greater thaa 
the same multiple of a less. 

IV. The magnitude of which a multiple is greater thaa 
the same multiple of another, is greater than that 
other magnitude. 


PRpP. I. TI1EOR. 

If any number of magnitudes be equimultiples of as 
many others y each of each , what multiple soever any 
one of the first is of its part > the same multiple is the 
sum of oil the first of the sum of all the rest . 


Let any number of magnitudes A, B, and C be 
equimultiples of ’as many others, D, E, F, each of 
each ; A + B + C is the same multiple of D 4 E 
4- F, that A is of D. 


tt * 

Let A contain D, B contain E, and C contain F, 
each the same number of times, as, for instance, three 
times. Then, because A contains D three times, 

A - D 4 D + D. 

For the same reason, B »E+ E 4 E ; 

And also, C » P + F + F, 

Therefore, adding equals to equals (Ax. 2.1.), A 4 B 
4 Q,fe equal to D 4 E 4 F, taken three times. Jn 
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the game manner, if A, B, and C were each any other 
equimultiple of D, E, and F, it would be shewji that 
A + B + C was the same multiple of D + E + F. 
Therefore, fcc! Q. E. D. 

Cor. Hence if m be any mumber,mD'F mE + mF= 
m (D + E + F.) For mD, mE, and mF, are multiples 
of D, E, and F by m, therefore their sum is also a 
a multiple of D + E + F by m. 


PROP. II. TIIEOR. 

fj. 

If *to a multiple of a magnitude by any number , a multi- 
ple of the same magnitude by any number be added , 
the sum mil be the same multiple of that magnitude 
that the sum of the two numbers is of unity , 

Let A « mC , and B = nC ; A + B = (m + n) C. 

For, since A ~ mC, A = C + C + C + See. C being 
repeated m times. For the same reason, B = C + C + 
&c. C being repeated n times. Therefore, adding equals 1 
to equals, A + B is equal to C taken m + n time*; that 
is, A + B « (m+n) C. Therefore A + B contains C 
as oft as there are units in m + to. Q. E. B* 

■ * , 

Cor. 1. In the same way, if there be any number 

of multiples whatsoever, as A = mE, B = nil, C = 

pE, it is shewn, that A + B + C * (m+n +p) E. 

Con. % Hence also, since A + B + C = (w + n 
+$):' E, and since A = mE, B and C = pE, 

f //E + pE, » (m+n+p) E. * 
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PROP. III. THEOR. 

If the first 6f three magnitudes contain the sec one 
as oft as there are units in a certain number y ana 
if the second, contain the third also, as often as then 
are units in a. certain number , the first will contain 
the third as oft as there are units in the product oj 
these treo numbers. 


Let A — wB and B = nC ; then A — mn C. 

Since B = nC, m B = nC + nC 4- Sec. repeated m 
times. But nO *+■ nQ kc. repeated m times is equal to 
C (8 Cor. 2. 5.), multiplied by n +■ n -f kc. n being 
added to itself m times ; but n added to itself m times, 
is n multiplied by w, or mn. Therefore nC + nC + 
kc. repeated rn times = mnC ; whence also mR 
=mnC y and by hypothesis A=wB, therefore A ~mnC. 
Therefore, &c. Q. E. P. 


PROP. IV. THIJOH. 


If the first of four magnitudes has the same ratio to !h> 
second which the third has to the fourth , arid if ann 
equimultiples whatever be taken of the first and third, 
and any whatever of the second and fourth ; the mul- 
tiple of the first shall have the same ratio to the mul- 
tiple of the second , that the multiple of the third ha< 
to the multiple of the fourth. 


Let' A; BI : C’, 0, and let ni and n beany tv^o ’ 
numbers; mA * nBl l mC. n l>. 
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Take of mA and mC equimultiples by any number p, 
and of /*B and nD equimultiples by any number q* 
Then the equimultiples of mAandmCbyp, are equi- 
multiples also of A and C, for they contain A and C as 
oft as there are units in pm (3. 5*), and are equal to 
pm A and pmC . For the same reason, the multiples 
of nB and 7iD by q , are qnD, qnD. Since, therefore, 
A : B : C ; D ? and of A and 0 there are taken any 

equimultiples, viz. pm A and pmC, and of B and I), 
any equimultiples qn B, qnD, if pm A be greater than 
qnD, pmC must be greater than qnD (Def. 5. 5.); if 
equal, equal; and if less, less. But pm A, pmC are also 
equimultiples of mA and mC, and qnD, qn D are equi- 
multiples of n B anfi nD, therefore ( Def. 5. 5. ), m A ; 
n B : I m C ; n D. Therefore, &e. Q. E. D. 


Cor. In the same manner, it may be demonstrated, 
that if A : B : ; Cl D, and of A and C equimultiples 
be taken by any number m, viz. m A and m C ; m A t 
B : : mC I D. This may also be considered as included 
in the proposition, and as being the case when n=l. 


PROP. V. THEOR. 


If one magnitude he the same multiple of another , , tvhick 
a magnitude taken from the first is of a magnitude 
taken from the other ; the remainder is the same multi- 
ple of the remainder, that the whole is of the whole . 

lift mA and mB be any equimultiples of the twp 
magnitudes A and B, of which A is greater thtm B $ 
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tnA’—mB is the same multiple of A — B that mA is of 
A ; that is, mA — viB—m (A — B.) 

t 

Let I) be the excess of A above B, then A — R=D ; 
and, adding B to both, A=D + B. Therefore (1- 5.) 
niA=mD-fw?B ; take mB from both, and mA — mB 
=wD ; but D = A— B, therefore mA — wB=w( A — 
B.) Therefore, &c. Q. E. D. 


PROP. VI. THEOR. 

If from a multiple, of a magnitude by any number a 
multiple of the same magnitude by a less number be 
talien away , the remainder will be the same multiple 
of that magnitude , that the difference of the numbers 
is of unity. 

Let mA and nA be multiples of the magnitude A, by 
the numbers m and w, and let m be greater than n ; mA 
— n A contains A as oft as m — n contains unity, or mA 
— nA~(m~n)A. * 


Let m — n *=zq ; then m=n + q. Therefore (2. 3.) 
mA sa nA + qA ; take nA from both, and mA — nA = 
qA Therefore mA — nA contains A as oft as there arc 
units in q } that is, in m — n, or mA — wA==(m— n)A. 
Therefore, &c. Q. E. D. 

:•> , ' ' ' * 

Cob. When the difference of the two numbers is 
equal to unity, or m-ti = I, then mA^nA m A, * 
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* l ^Wfi l 
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PROP. A. THEOR. 

If four magnitudes be proportionals , they are proportion- 
als also when taken inversely . 

If A : B I C 1 D, then also B : A : : D : C. 

Let mA and mC be any equimultiples of A and C ; 
nB and nD any equimultiples of B and D. Then, be- 
cause A I B : I C : D, if mA be less than nB, mC will 
be less than nD (Def. 5. 5.), that is, if nD be greater 
than mA, nD will be greater than mC. For the same 
reason, if wB = mA, n D = mC, and if wB ^ImA, nD 
But 7iB, rct) arc any equimultiples of B and 

D, and mA, mC any equimultiples of A and C, there- 
fore (Def 5. 5.), B I A ; ; D ; C. Therefore, &c. Q. 

E. D. 


PROP. B. THEOR. 

If the first be the same multiple of the second , or the 
same part of it, that the mird is of the fourth ; the 
first is to the second as the third to the fourth. 


First, if mA, mB be equimultiples of the magnitudes 
A and B ; mA ; A:; mB : B. 

Take of mA and mB equimultiples by any number n ; 
and of .jLfttd B equimultiples by any number p : these 
will be nmA (3. 5.) pA, nmB (3. 5.), pB, Now, if nmA % 
be greater than pA^nm is also greater than p ; and if ‘ 
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arft ^at^a l^rrfa i l^tl 4^:a ftnataJ i 
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nm be greater than p, nmli is greater than />B ; there- 
fore, when nm A is greater than />A, mnB is greater than 
/>B. In {.lie same manner, if nmA—pA, nmB~pB, and 
if nmA^^pA, umB^lpB. Now, run A, nmB are any 
equimultiples of mA and mB ; and ;;A, pB are any 
equimultiples of A and B, therefore, mA ; A I 1 rn B I 
B (Del 5. 5.). 


Next, let G be the same part of A that D is of B ; then 
A is the same multiple of C that B is of D, and there- 
fore as has been demonstrated, A : C l I B : D, and 
inversely (A. 5.), C : A : : D : B. Therefore, &c, 
Q* E. D. 


PROP. C. THEOR. 

If the first he to the second as the third to the fourth ; 
and, if the first be a multiple or a part of the second , 
the third is the same multiple or the same part of the 
fourth . 


Let A - B : * C *. D, and first, let A be a multiple of 
B; C is the same multiple of D; that is, if A =mB, 
C=smD. 


Take of A and C equimultiples by any number as 2, 
viz. 2 A and 2C ; and of B and D, take equimultiples by 
the number 2m, viz. 2mB, 2m D (3. *5.) ; then because 
A = mB, 2 A = 2m B ; and since A 1 B I I C : D, and 
since 2A=2wB, therefore 2C=2mD (def. 5. 5.),*and * 
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C=<mD, that is, C contains I) m times, or as often as 
A contains B. 

Next, Let A f be a part of B, C is the same part of X)l 
For, since A ; C : I C ; D, inversely (A. 5.), B ; 
A ; ; D ; C, But A being a part of B, B is a 
multiple of A, and therefore, as is shewn above, D is 
the same multiple of C, and therefore C is the same 
part of D that A is of B. Therefore &c. Q. E. D. 


PROP. VII. THEOR. 

Equal magnitudes have the same ratio to the same mag- 
nitude ; and the same has the same ratio to equal 
magnitudes . 

L e t A and B be equal magnitudes, and C any other ; 
A; c : : B ; C. 

Let mA , be any equimultiples of A and B ; and 

wC any multiple of C. 

Because A == B, mA = (Ax. 1. 5): wherefore, if 
mA be greater than nC, mB is greater than nC ; and if 
mA =nC, mB= nC ; if mA*zZnC } mB*z£nC. Bat mA 
and m B are any equimultiples of A and B, and nC is 
any multiple of C, therefore (Def. 5. 5.) A C I * 
B • C. 

Again, if A=B ; C : A ; : C : B ; for, as has been 
proved, A : C : : B : C, and inversely (A. 5.}, C ; A ; ; 
G j B. Therefore, &c. Q- E* D. 
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PROP. VIII. THEOR, 

Of unequal magnitudes, the greater has a greater ratio 
to the same than the less has ; and the same mag- 
nitude has a greater ratio to the less than it has to the 
greater , 


Let A + B be a. magnitude greater than A, and C a 
third magnitude ; A -f B has to C a greater ratio than 
A has to C ; and C has a greater ratio to A than it has 
to, A + B. 


Let m be such a number that mA and mB are each of 
them greater than C ; and let nC be the least multiple 
of C that is not less* than m A + mB ; then nC — C, that 
is, (n — 1) C (1. 5.) will be less than m A + wB, or mA + 
mB, that is, rn (A + B) is greater than ( n — 1), C. But 
because nC is not less than mA + mB, and 0 less than 
mB, w,C — C is greater than mA or mA, is less 
than nC — C, that is, than (n — 1)C. Therefore the 
multiple of A + B by m exceeds the multiple of C by 
7i — I, but the multiple of A by M does riot exceed the 
multiple of C by ft— 1 ; therefore A + B has a greater 
ratio to C than A has to C (Def. 7. 5.) 


*■ The original text is, “ Let nO be the least multiple of C 
that exceeds mA + mW ; but in that case it does not neces- 
sarily follow that (n~l)C in lets than mA + mB; it might 
he equal 
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Air- in, because the multiple of C by n — 1, exceeds 
the* multiple of A by m, but does not exceed the 
multiple of A + B by m, C has a greater ratio to A than 
it has to A Ho B (Def. 7. 5.) Therefore, &c. Q. E. D 


PROP. IX. THEOR. 

Magnitudes which have the same ratio to the same 
magnitude are equal to one another; and those to 
which the same magnitude has the same ratio are equal 
to one another. 


If A: C : : B : C ; A=B. 

For, if not, let A be greater than B ; then, because 
A is greater than B, two numbers, m and n, may be 
found, as in the last proposition, such that rnA shall 
exceed nC , while wiB does not exceed nC . But because 
A : C : : B : C ; if mA exceed nC, mli must also exceed 
nC (def. 5. 5.) ; and it is also shewn that wB does not 
exceed ??C, which is impossible. Therefore A is not 
greater than B ; and in the same way it is demon- 
strated that B is not greater than A ; therefore A is 
equal to B. 


Next, let C : A *. : C : B ; A ■= B. For, by in- 
version (A. 5.), A *. C 1 *. B 1 C ; and therefore by 
the first case, A = B. 


PROP. X. THEOR. 

That magnitude, which has a greater ratio than anothtr 
hm to the same magnitude, is the greater of the two : 
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And that magnitude , to which the same has a greater 
ratio than it, has to another magnitude , is the less of 
the two, 

♦ 

If the ratio of A to C be greater than that of B to 
€ ; A is greater than B. 

Because A : (>^B 1 C, two numbers m and n 
may be found, such that mA m ^ p, nC, and mB^CuC 
(Def. 7 * 5.) Therefore, also and A^^B 

■ (Ax. 4. 5.) 

Again, Let C : B^C : A; then B-^1A. For two 
numbers, m and n njav be found, such that mC^^nB, 
and rnC^lnA (Def. 7. 5.) Therefore, since ni\ is 
less, and nA greater than the same magnitude wC, 
■nB^LnA, and \S^LA. Therefore, &c, Q. E. IX 


PROP. XL THEOR. 


Ratios that are 

equal to the same ratio are equal to one 

t 

another. 

If A : B : : 

T 

C : D; and also C : D ; ; E : F: 

then A *. B : I 

E : F. 


Take mA, mG, mE, any equimultiples of A, C, and 
E; and wB, nJ) f wF, any equimultiples of B, D, and 
F. Because A : B I I C : D, if mA-^nB, mC^vrf) 
(Def. 5. 5.); but if wC^tmD, mE m ^?iF (Def 5. 5.), 
because C : I) ; 1 E 1 F ; therefore if foA^nB, 
mBrg^nF, In the same manner, if mE = n F ; 

and if mJL^ZnF, Now f , mA, mE are any 
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equimultiples whatever of A and E ; and nB, n] ? any 
whatever of B and F; therefore A 1 B 1 ; E I F, 
i'Def. 5. 5.) Therefore, &c. Q. E. D. 


PROP. XII. THEOR. 


If any number of magnitudes be proportionals , as one of 
the antecedents is to its consequent, so are all the ante- 
cedents, taken together, to all the consequents . 


If A *, B : : C : D, and C ; D : ; E : F; then also, 
A : B ; ; A+C + E : B + D + F. 


Take mA, mC, wE any equimultiples of A, C, and 
E ; and tiB, wD, nF, any equimultiples of B, D, and 
F. Then, because A I B: : C : D, if toA^wB, 
mC^nD (Def. 5. 5.) ; and wh^n mO^nD, 
because C I D * I E I F. Therefore, if mA^nli, mA 
+ m.C + mC^nB + nB + nF. In the same manner, 
if mA = nB , mA + mC + mE=wB*fwD + wF ; and if 
m A^LiiB, mA + m C + B + riD + wF. N ow, mA 

-f mC + mE=m (A-hCd-E) (Cor. I. 5.), sothatmA 
and mA-fwC-fmE are any equimultiples of A, and of 
A+'C+E. And for the same reason, nB, and 
»$ + «D+ wF are any equimultiples of B, and of 
B + D-feF; therefore (Def, 5. 5.) *A : B ; A + C + 
E: B + D + F. Therefore, &c. Q E. D. 
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GEOMETRY, 


PROP. XIII. THEOR. 

If the first have to the second the same ratio which the 
third has t*o the. fourth, hut the third to the fourth, a 
greater ratio than the fifth has to the sixth ; the first 
has also to the second a greater ratio than the fifth 
has to the sixth . 

If A a . B : : C ! D ; but C I D^E *. F ; then 
also, A : B^E : F. 

Because C : D^E : F, there are two numbers m 
and n, such that mC'^nD, but mE^lnF (Def. 7, 5.) 
Now, if mCr^nD, because A • B : : C ; 

I). Therefore wA^'nB, and and mlLdzZriF, where- 
fore, A t B^E ; F (Def. 7. 5.) Therefore, &c, 
Q. E. D. 


PROP. XIV. THEOR. 


If the first have to the second the same ra tio which the 
third has to the fourth, and if the first he greater than 
the third, the second shall he greater than the fourth ; 
if equal , equal; and if less, less. * 

If A : B : : C : D ; then if A^C, B^D ; if A= C, 
B=D ; and if A-s^C, B D. 

First, A^C ; then A : B^-C : B (B. 5.), but A : 
B : ! C : D, therefore C : : B (13. 5.), and 

therefore B^I) (10, 5.) 

In the same manner, it is proved, that* if A=C, 
B= I) ; and if A-s^C, B^II). Therefore, &c. Q. 
E. D. 
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GEOMETRY, 


PROP. XV. THEOR, 


Magnitudes have the same ratio to one another which 
their equimultiples have. 


If A and B be two magnitudes, and m any number ; 
A : B ; ; mA : m,B. 


Because A : B : : A I B : (7. 6.) ; A : B : : A + A : 
B + B |p. 5.), or A : B : 2A ; 2B. And, in the 

same manner, since^A ; B : : 2 A : 2B, A : B : : A + 
2A,: B + 2B (12. 5.), or A : B : : 3A : 3B ; and so on, 
for all the equimultiples of A and B. Therefore, &c. 
Q. E. I). 


PROP. XVI. THEOR. 

If four magnitudes of the same kind he proportionals, 
they will also he proportionals when taken alterna tely . 

• * * « 

If A I B : : C : D, then alternately, A ; C : *. B ; D, 
Take mA , mB any equimultiples of A and B, and wC. 
wB any equimultiples of C and D, Then (15. 5.) A : 
B I mA : mB; now A! B 1 I C I D, therefore (11. 5.) 
C ; D : l mA : mB. But C : D : 1 nC : wB (15. 5.) ; 
therefore mA : mB I 1 nC : wD (11. 5.); wherefore if 
mA^nC, mB^nD (14. 5.) ; if mA=»C, mB = nD , 
or if mA^JiG, mB-*^mB ; therefqye (Bef. 5. 5.), A : 
C ; ; B ; B. Iherefore, &c. Q, E. B. 
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GEOMETRY. 


PROP. XVII. TIIEOR. 


If Magnitudes, taken jointly, be proportionals, they will 
also be proportionals when taken separately; that is, 
if the first , together with the second , have to the 
second the same ratio which the third, together with 
the fourth, has to the fourth, the first will have to the 
second the same ratio 'which the third has to the 
fourth . 

If A + B ! B : : C 4- D : D, then by division 
A : B : : C : D. 

t: 

Take mA and ??B any multiples of A and B, by the 
numbers m and n ; and first let ; to each of 

them add mB, then mA 4- + nB. But mA 4- 

mB=w (A 4- B) (Cor. 1. 5), and mB 4- wB = (m + n) 
B (2. Cor. 2. 5.), therefore m (A 4- B)^(m 4- njB. 

And because A 4- B I B ; ; C4-D I D, if m 
(;\+B)^(ffl+.n) B, ^C+l))^(m 4- w)D, or mC 
4- niD’^ml) 4- nl), that is, taking ml) from both, 
mC^^nD. Therefore, when m A is greater than nB, 
mC is greater than ?iD. In like manner, it is demon- 
strated, that if mA=??B, mC==nD, and if mA^l/tB, 
that mC^lni) ; therefore A *! B ! : C I D. (I)ef. 5. 5.) 
Therefore, &c. Q. E. D. 


PROP. XVIII. THEOR. 

If magnitudes, taken separately, be proportionals , they 
will also be proportionals, when taken jointly, that is, 
if the the first be to the second as the third to the 
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GEOMETRY. 


fourth, the first and second together will he to the 
second, as the third and fourth together to the fourth. 


If A : B *. C : D, then, by composition, A + B: 
B : :C + D:D. 

Take m ( A + B) and nB any multiples whatever of 
A+B and B : and first, let m be greater than n . Then, 
because A + B is also greater than B, m (A + B 
nB. For the same reason, m( C + D)^-wD. In this 
case, therefore, that is, when nrp^n, s*(A + B) is greater 
than nB, and m(C + D) is greater than nD. And in 
the same manner, may be proved, that when m—n . 
m(A + B) is greater than nB, and m( C + D) greater 
than 


Next, Let m^Ln, or then m ( A + B) may be 

greater than nB, or may be equal to it, or may be iess ; 
first, let m(A + B) be greater than nB ; then also, mA 
+ mB-^nB ; take mB, which is less than wB, from 
both, and mA~^nB — mB, or mAr^(n — m) B (6. 5.). 
But if mAr^{n — m) B, mQr^ (n — m) 1), because A : 
B : : C : 1). Now, (n — m) D=wD — mD (6. 5.), there- 
fore mCr^nD — mD, and adding mD to both, m C + 
mlhzmD, that is (1. 5.), m(,C + D)^nl). If, there- 
fore, m ( A + B)^~nB, m(C + D )^riD. 


In the same manner, it may be proved, that if 
m(A + B) a» nB, m { C + D)=wl ) ; and if m ( A + B) 
m(C + A>)^LnD ; therefore (Def. 5. 5.)> A + 
B : B : ; C + D : D. Therefore, &c. Q. E. D. 
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GEOMETRY. 


PROP. XIX. TIIEOR 


If a whole magnitude be to a 'whole , as a magnitude 
taken from the first, is to a macjnitn.de taken from 
the other ; the remainder trill be to the remainder as 
the whole to the whole . 

If A ‘ B : ; C ; D, and if C bo less than A, 

A— 0 : B — I.) : : A : B. 

Because A : B *. * C : D, alternately (16. 5.), A : 
C 1 : B : D; and therefore, by division (17. 5), A — 
C ; # C *. I B — D ! I). Wherefore, asjain, alternately, 
A — 0 : B — I) : : C : I), but A : B : : C : l\ there- 
fore (11. 5.) A— C :B— D::A:B. Therefore, 

kc. Q. E. D. 

Cor. A— c : B— D : : C : D. 


PROP. IX TIIEOR. 

If four magnitudes be proportionals, they are also pro- 
portionals by conversion , that is, the first is to its 
excess above the second, as the third to its excess above 
the fourth. 

If A : B : : C : D, by conversion, 

A : A— B : : C : C— D. 

For, since A : B : : C : D, by division (17. 5.), A — 
B ; B : : C — D : I), and inversely (A. 5.), B ? A— B : : 
D : C — D; therefore, by composition (18. 5A, A : 
A B : : C : C— D. Therefore, &$. Q, E. I>. 



->*> arfasu i i 

c^tsr if?u iif%i if? wu cit? ?tf*t i?- 
sifi 1?°^% <2f«r? itre fif^ cit? itf*ti fofta 
itc-® fl^s* Cl-t-T itf% 1?#!? fiMf% ^sfi 11 ^i 
if s^m fjpwffea inti «r?f*r^g 3 f?®*tf% ^%- 

«? i. 


if? ^ 1 : 

: 1 : 1 41? if? 1 1 

in ii \s:i 

i 

1 

A 

: : i- -• 1 1 


1: 1 :: 1 : 

1 4iti c i (<ni?s) 

fififiiT fir»j>ff%r^5 

: 1 . : 1 : 1 

^slt? 1^3 fl c l%Cvs ( <t ! i<\ ) 1— 

: 1 : : 1—1 

: 1 <$1*S fill'll 

i—n : 


•if — 1 :: : 1 *fl*§ 1 : *f ; ; ^ : 1 41tl e t ( « I *>) 

i— i : sr— i : : ^ : *r i «r \*4? c^t^r if?i i1f*f<t 
t^tfW I tlft 4 5 ?m ^«Wt?J i 

<$ — ?f : — <j ; : ^r ; ^ i 

f srf^nsal i I 

iffl Iff*! ’St^Tsfl *tfll^CSfS U^- 

*r|#l ill? 'stft* -sfsf? <rff*ri fw«ti finiM?- 

f*fl> 1?:?? Cl F$=tf fltUMlf*!^® 

ci? faffs' itc? i 

if? * : f :: : i ^ci ^fii’#:? ^ ^ — ' «r : : 

*4 : ?— ’ 1 I 

Cllli ^ : «f ; . <?: ? t£J^t?T«t (t | ) ^T5? 

<P— 7T : «f :: 1: 1 41? f%C®lt*T f?°sff%F5 (W) tf : 

i— ■ «r : : 7K i— i^®4i'crt?f?^f?c$ («'i>w * : 
*— * : : it : ^satt Ftfs HfH ^m? i t?jt 

4 i ?i5f%n*rr?j i 



52 


GEOMETRY. 


Cor. In the same way, it may be proved, that A : 
A + B : : C : C + D. 


PROP. XX. THEOR. 


If there be three magnitudes, and other three, which, 
taken two and two, have the same ratio ; if the first 
be greater than the third, the fourth is greater than 
the sixth : if equal, equal ; and if less, less. 


If there be three magnitudes, A, B, and C, and 
other three, D, E, and F ; and if A : B : : I) ; E ; and 
also B : C '. 1 E : F, then if A^'C, 

D^F ; if A = C, D=F ,• and 
if A^C, D^F. 


A, B, C, 
D, E, F. 


First, Let A^C ; then A : B^C : B (8. 5.). But 
A : B : : D t E, therefore also D : E^-C : B (13. 5.) 
Now B : C : : E : F, and «nve‘rsely (A. 5.), C : B : : 
F : E ; and it has been shewn that I) : E^C : B, 
therefore D : E-pHF: E(13. 5.), and consequently D—^ 
F (10. 5.) 


Next, Let A=C ; then A : B : : C : B (7. 5.), but A : 
B : : D : E ; therefore, C : B : : D : E, but C : B : : F : 
E, therefore D : E : : F : E (11. and D?=F (9. 5.). 
Lastly, let A^. ' ■ ; then Q^-A, and because, as was 
already shewn, 0 : B : : F : E, and B : A : : E t D * 
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GEOMETRY. 


therefore, bv the first case, if Or^A, F^D, that is, if 
A-^C, D*>F. Therefore, Ac. Q. E. D. 


PROP. XXL THEOR. 


If there he three magnitudes, and other three , which have 
the same ratio taken two and two, but in a cross order; 
if the first magnitude be greater than the third , the 
fourth is greater than the sixth : if equal, equal ; and if 
less , less . 

If there be three magnitudes, A, B, C, and other 
three, D, E, and F, such that A : B : : E : F, and B : 
0 : : D : E ; if A^C, D^F ; if A=C, I) = F ; and 
if A-^C, lb^F. 

First, Let A-tH". Then A : B^C : B (8. 5.), but 
A : B : : E : F, therefore E : F^O : ~7 ,7' 

B(13. 5). Now, B : C : : I) : E, and V 

inversely, C : B : : E : D ; therefore ’ _J_ 

E : F^E : D (13. 5.), wherefore IF>F (10. 5.) 

* * 

Next. Let A=C. Then (7. 5.) A : B : : C : B ; but 
A : B : : E : F, therefore, C : B : : E : F (1 1. 5.) ; but 
B : C : : I) : E, and inversely, C : B : : E : D, therefore 
(11. 5.), E : F : : E : D, and, consequently, D — F 
(9.5.). 

Lastly, Let Then G^’A, and, as was al- 

ready proved, C:B::£:D; and B:A.::F:E, 
therefore, by the first case, since C^’A, F^T), that 
is, V*e^F. Therefore, &c. Q. E. I), 
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GEOMETRY* ** 


PROP* XXII. THEOR* 


If there be any number of magnitudes , and as many 
others , which , taken two and two in order , have the same 
ratio ; the first will have to the last of the first mag- 
nitudes , the same ratio which the first of the others 
has to the last,* 


First, Let there be three magnitudes, A, B, C, and 
othej* three, D, E, F * which, taken two and two in 
order, have the same ratio, viz. A : B : : D : E, and B : 
C : : E : F ; then A : G : : D : F. 

Take of A and D any equimultiples whatever, mA, 
mD ; and of B and E any whatever, nB, ?iE ; and of C 
and F any whatever, qC, q¥. Because A : B : : D : E, 
mA : wB : : mD : »E (4. 5.) ; and for 
the same reason, nB :qC : : nE : oF. 

Therefore (20. 5.), according as mA is 
greater than qC , equal to it, or less, 
wiD is greater than qV, equal to it, or 
less : but mA, mD are any equimultiples 
of A and D ; and qC , q¥ are any equimultiples 
of C and F ; therefore (Def. 5. 5.), A * C : : D : F. 

Again, Let there be four magnitudes, and other four 
which, taken two and two in order, have the same ratio, 
viz. A: B : : E : F ; B : C : : F : G ; C : D : : G : H, 
then A : D : : E : H. 


* B,— This proposition is usually cited by the words 

** exaguali” or u ex a quo.* 


A, B, C,| 
D, E, F, 
mA, wB, qC , 
mD, nB, q¥. 
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GEOMETRY. 


For since A, B , C, are three mag- 
nitudes, and E. F, G, other three, A, B, C, D > 
which, taken two and two, have the E F G H 
same ratio, by the foregoing case, A : * ’ , * 

C : : E : G. And because also G : D G : ii, by that; 

same case, A : 1) : : E : H. In the same maimer is the 
demonstration extended to any number of magnitudes, 
Therefore, &c. Q. E. D. 


PROP. XXIII. THEOR. 

ff there be any number of magnitudes , and as many 
others, which , taken two and two , in a cross order , 
have the same ratio : the first will have to the last, of 
the first magnitudes the same ratio which the first of 
the others has to the last # 

First, Let there be three magnitudes, A, B, C, and 
other three, D, E, and F, which taken two and two 
in a cross order, have the same ratio, viz. A ; B : : E: 
F, and B : C : : D : E, then A : C : : D : F. 

Take of A, B, and D, any equimultiples mA, wB, 
w*D ; and of G, E, F, any equimultiples nC, nTL, nl\ 

Because A : B : : E : F,° and because also A : B : : 
mA : wiB(l5. 5.), and E : F : : »E nV ; therefore, mA : 
mB : :*»E : n¥ (11. 5.). Again, be- 
cause B : C : : D E, mB : nC : : mY) : 
tiE (4 5.) : and it has been just shewn, 
that mA : mB : : nE : nV ; therefore, 
if mA^nC, mB^nF (21. 5.); if 
A sssnC, mB = 7 iF ; and if m.A *r^Ln Q>, 

. * N B .—This proposition is usually cited by the words 
« ex squall in proportions Perturbata ; or, “ ex tequojn- 
versely.' 


A, B, C, 
D, E, F, 
mA, j»B, »C 
wtD, nE, qV 
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GEOMETRY, 


mXy^ln F, Now, mA and mD are any equimultiples 
of A and D, nC , wF, any equimultiples of C and F ; 
therefore, A : C : : D : F (Def. 5. 5.). 

« 

Next, Let there be four magnitudes, A, B, C, and D, 
and other four, E, F, G and H, which, taken two and 
two, in a cross order, have the same 
ratio, viz, A : B : : G *H ; B r C : : 

F : G, and C : D : : E : F, then A : 

D : : E : H. For, since A, B, C are 
three magnitudes and F, G, H, other three, which, 
taken two and two, in a cross order, have the same ratio, 
by the first case, A : C : : F : H, But G I D : : E : F, 
therefore, again, by die first case, A : D : : E : H. In 
the same manner, may the demonstration be extended 
to any number of magnitudes. Therefore, &c. Q„ 
E. D. 


A, B, C, D, 
E, F, G, H, 


PROP. XXIV. THEOR. 

If the first has to the second the same ratio which t \e 
third has to the fourth ; and the fifth to the second, 
the same ratio which the sixth has to the fourth ; the 
first and fifth , together , shall Have to the second , the 
same ratio which the third and sixth together , have 
to the fourth. 


Let A : B : : C : D, and also E : B ; : F : D, then 
A .+ E : B : : c + F : D. 

Because E : B : : F : D, bv inversion, B : E : D : F, 
But, by hypothesis, A : B: : C : D, therefore, ex sequali 
(22. 5.), A : E : : C : F, and, by composition (18. 5.), 
A + E : E : : C + F : F. And again, by hypo- 
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GEOMETRY. 


thesis, E : B ! ‘ F : D, therefore, ex sequali (22. 5.), 
A -hE : B ; : C + F : D. Therefore, &c. Q. ED. 


PROP E. THEOR. 

If four magnitudes be proportionals, the sum of the first 
two is to their difference as the sum of the other two to 
their difference . 

Let A : B : :C : D ; then ifA^B, 

A + B : A— B : : C + D : C— D ; or if A^B, 

A + B:B— A::C+ D : D— C, 

For, if A^B, then because A : B : : C : D, by divi- 
sion (17. 5.), A — B : B: : C — D : D, and by inversion 
(A. 5.), B : A — B : : D : C — D. But, by composition 
(18. 5.) A + B: B C + D : D, therefore, ex&quali 
(22. 5.), A+B: A— B ; : C + D : C— D. 

In the same manner, if B^A, it is proved, that 
A + B : B — A : : C + D : D — C. Therefore, See, 
Q. E. D. 


PROP. F THEOR. 

Ratios which are compounded of equal ratios , are equal 
to one another , 

Let the ratios of A to B, and of B to C, which 
compound the ratio of A to C, be equal, each to each, 
to the ratios of D to E, and E to F, * which compound 
the ratio of D to F ; A : C : : I) : F. 
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For, iirbt, If the nttio of A to B 
hee<|ual to that of D to E, and the 
latio of B to V equal to that of E 
to F, ex (22. !>.), A : C :: D i F, 

And next. If ilie ratio of A to B be equal to that 
of K to F, and the ratio of B to C equal to that 
of 1) to E, cx (pqvalt inversely (23. 5.), A : 0 : : D : 
F. In the barne manner, may the proposition he 
demonstrated, whatever he the number of latios. 
Therefore, Q. E. D. 
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DEFINITIONS. 


f. Similar rectilineal figures are those which have 

their several an* * 
gles equal, each 
to each, and the 
sides about the 
equal angles pro- 
portionals. 

II. Two sides of one figure are said to be reciprocally 
proportional to two sides of another, when one of 
the sides of the first is to one of the sides of the se- 
cond, as the remaining side of the second is to the 
remaining side of the first. 



III. A straight line is said to be cut in extreme and 
mean ratio , when the whole is to the greater segment 
as the greater segment is to the less. 

IV. The altitude of any figure is 
the straight line drawn from its 
vertex perpendicular to its base. 
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GEOMETRY,, 


PROP. I. THEOR. 

Triangles and parallelograms, of the same altitude , are 
one to another as their bases. 

Let the triangles ABC, ACD, and the parallelograms 
EC, CF have the same altitude, viz. the perpendicular 
drawn from the point A to BD : Then, as the base BO 
is to the base CD, so is the triangle ABC to the 
triangle ACD, and the parallelogram EC to the parallelo- 
gram CF. 


Produce BD both ways to the points H, L, and take 
any number of straight lines BG, GH, each equal to the 
base BC ; and DK, KL, any number of them, each 
equal to the base CD ; and join AG, AII, AK, AL. 
Then, because CB, BG, GH are all equal, the triangles 
AHG, AGB, ABC are all equal ( 38 . 1.) : Therefore, 
whatever multiple the base HO is of the base BC, the 
same multiple is the triangle AHC of the triangle 
ABC. For the same reason, whatever multiple the base 
LC is of the base CD, the same multiple is the triangle 
ALC of the 
triangle ADC. 

But if the base 
HC be equal to 
the base CL, the 
triangle AHC is 
also equal to the 
triangle ALC 
(38. 1.) ; and if /f 
the base HG be ** 

greater than the base CL, likewise the triangle AHC is 
greater than the triangle ALC ; and if less, less. There- 
fore, since there are four magnitudes,* viz. the .two bases 
BC, CD, and the two triangles ABC, ACD ; and of the 
base BO aud the triangle ABC, the first and third, any 
efuilnultiples whatever have been taken, viz. the base 
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HC, ;md the triangle AHC : and of the base CD and 
triangle ACD, the second and fourth, have been taken 
any equimultiples whatever, viz. the base CL and 
triangle ALC f and, since it has been shewn, that if the 
base HC be greater than the base CL, the triangle AHC 
is greater than the triangle ALC ; and if equal, equal ; 
and if less, less . Therefore (Def. 5. 5.), as the base 
BC is to the base CD, so is the triangle ABC to the 
triangle ACD. 


And because the parallelogram CE is double the 
triangle ABC (41. 1.), and the parallelogram CF double 
the triangle ACD, ai\d because magnitudes have the 
same ratio which their equimultiples have (15. 5.) ; as 
the triangle ABC is to the triangle ACD, so is the 
parallelogram EC to the parallelogram CF. And be- 
cause it has been shewn, that, as the base BC is to the 
base CD, so is the triangle ABC to the triangle ACD, 
and as the triangle ABC to the triangle ACD, so is 
the parallelogram EC to the parallelogram CF ; there- 
fore, as the base BC is to the base CD, so is (1 L 5.) the 
parallelogram EC to the parallelogram CF. Where- 
fore, “ triangles ” &c\ Q. E. D. 

Cor. From this it is plain, tliQt triangles and paral- 
lelograms that have equal altitudes , are to one another as 
their bases. 
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Let the figures be placed so as to have their bases in 
the same straight line; and having drawn perpendi- 
culars from the vertices of the triangles to the bases, 
the straight line which joins the vertices is parallel to 
that in which their bases are (33. 1.), because the 
perpendiculars are both equal and parallel to one ano- 
ther. Then, if the same construction be made as in 
the proposition, the demonstration will be the same. 


PROP. II. THEOR. 

< 

If U straight line he drawn parallel to one of the sides 
of a triangle , it will cut the other sides , or the other 
sides produced , proportionally : And if the sides, or 
the sides produced, be cut proportionally , the straight 
line which joins the points of section will he parallel 
to the remaining side of the triangle. 


Let DE . be drawn parallel to BC, one of the sides 
of the triangle ABC ; BD is to I)A ; as CE to EA. 



Join BE, CD ; then the triangle BDE is equal to 
the triangle CDE (37. 1.), because they are on the 
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samp base DE, and between the same parallels DE, 
BC : bat ADE is another triangle, and equal mag- 
nitudes have, to the same, the same ratio (7. 5.) ; 

therefore, as*the triangle BDE to the triangle ADE, so 
is the triangle CDE to the triangle ADE; but as the 
triangle BDE to the triangle ADE, so is (1. 6,) BD to 
DA, because, having the same altitude, viz. the per- 
pendicular drawn from the point E to AB, they are 
to one another as their bases ; and, for the same 
reason, as the triangle CDE to the triangle ADE, so 
is CEto EA. Therefore, as BD to DA, so is CE to EA 
(11. 5.). 


Next, let the sides AB, AC of the triangle ABC, 
or these sides produced, be cut proportionally in the 
points D, E ; that is, so that BD be to DA, as CE 
to EA, and join DE ; DE is parallel to BC. 


The same construction being made, because as B D 
to DA, so is CE to EA ; And as BD to DA, so is 
the triangle BDE to the triangle ADE (1. 6\) ; and 
as CE to EA, so is the triangle CDE to the triangle 
ADE ; therefore the triangle BDE is to the triangle 
ADE, as the triangle CDE to the triangle ADE ; 
that is, the triangles BDE, CDE have the same ratio 
to the triangle ADE ; and therefore (9. 5.) the triangle 
BDE is equal to the triangle CDE : And they are on 
the same bale DE ; but equal triangles on the same 
base are between the same parallels (39. 1.) ; there- 
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fore DE is parallel to BC. Wherefore, if a straight 
line* 6c c. Q. E. D. 


PROP. Ilf. THEOR. 

If the vertical angle of a triangle he bisected by a 
straight line which also cuts the hose ; the segments 
of the base shall have the same ratio which the other 
sides of the triangle ham to one another : And if 

the segments of the base have the same ratio which the 
other sides of the triangle have to one another ; the 
straight line drawn from the vertex to the point of 
section bisects the vertical angle . 

Let the vertical angle B AG, of any triangle ABC, 
be divided into two equal angles by the straight line 
AD ;BD is to DC as BA to AC. 


Through the point C draw GE parallel (31. I.) to 
DA, and let BA produced meet CE in E. Because 
the straight line AC meets the parallels AD, EC, the 
angle ACE is equal to the alternate angle CAD (29. 1 .) ; 
But CAD, by the hypothesis, is equal, to the 
angle BAD ; wherefore BAD is equal to the angle 
ACE. Again, because * 
the straight line BAE 
meets the parallels AD, 

EC, the exterior angle 
BAD is equal to the 
interior opposite angle 
AEC : But the angle 
ACE has been proved 
equal to the angle 
BAD ; therefore also 
ACE is equal to the 
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angle AEG, and consequently the side AE is equal 
to the side (6. 1.) AC. * And because AD is drawn 
parallel to one of the sides of the triangle BCE, viz. 
to EC, BD is to DC, as BA to AE (2. 6.); but AE 
is equal to AC : therefore, as BD to DC, so is BA to 
AC (7. 5.) 


Next, Let BD be to DC, as BA to AC, and join 
AD ; the angle BAG is divided into equal angles, by 
the straight line AD. # 


The same construction being made ; because, as DB 
to DC, so is BA to AC; 
and as BD to DC, so 
is BA to AE (2. 6.), 
because AD is parallel 
to EC ; therefore AB is 
to AC, as AB to AE 
(1L 5.) : Consequently 
AC is equal ^;o AE 
(9. 5.), and the angle 
AEC is therefore equal 
to the angle ACE 

(5. 1.) But the angle AEC is equal to the exterior 
opposite angle BAD; and the angle ACE is equal 
to the alternate angle CAD (29. 1.). Wherefore also 
the angle BAD is equal to the angle CAD : There- 
fore the angle BAG is cut into two equal angles by 
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the straight line AD. Therefore, if the vertical angle, &e* 
Q. E. I). 


PROP.. A. THEOR. 

If the exterior angle of a triangle he bisected hy a 
straight line a hick also cuts the base produced ; the 
segments between the besecting line and the extremities 
of the base have the same ratio which the other sides 
of the triangle have to one another ; And if the 
segments of the base produced have the same ratio 
which the other sides of the triangle have ; the straight 
line , drawn from the vertex to the point of section 
bisects the exterior angle of the triangle. 


Let the exterior angle CAE of any triangle ABC, 
be bisected by the straight line AD which meets the 
base produced in D ; BD is to DC, as BA to AC. 


Through C draw CF parallel to AD (31. 1.); and 
because the straight line AC meets the parallels AD, 
FC, the angle ACF is equal to the alternate angle CAD 
(29. 1.) : But CAD is equal to the angle DAE (Hyp.) ; 
therefore also DAE is equal to the angle ACF. Again, 
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because the straight line FAE meets the parallels AD, 

FC, the exterior 
angle DAE is 
equal to the interi- 
or opposite angle 
CFA ; But the 
angle ACF has 
been proved to 
be equal to the 
angle DAE ; B 
therefore also the 

angle ACF is equal to the angle CFA, and conse- 
quently the side AF is equal to the side AC (6. 
1.) ;« and because At) is parallel to FC, a side of the 
triangle BCF, BD is to DC, as BA to AF (2. 6.) ; 
but AF is equal to AC ; therefore as BD is to DC, 
so is BA to AC. 

Now, Let BD be to DC, as BA to AC, and join 
AD ; the angle CAD is equal to the angle DAE. 

The same construction being made, because BD is 
to DC, as BA to AC ; and also BD to DC, as BA to 
AF (2. 6.) ; therefore BA is to AC, as BA to AF 
(11. 5.); wherefore AC is equal to AF (9. 5.), and the 
angle AFC equal (5. 1.) to the angle ACF ; But the 
angle AFC is equal to the exterior angle EAD, and the 
angle ACF to the alternate $ngle* CAD ; therefore also 
EAD is equal to the angle CAD. Wherefore, if the 
exterior, &c. Q. E. D. 


PROP. IV. THEOR. 

The sides about the equal angles of equiangular triangles 
are proportionals ; and those which are opposite to the 
equal angles are homologous sides, that is, are the 
antecedents or consequents of the'raiios . 
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L?t ABC, DCE be equiangular triangles, having 
the angle ABC equal to the angle BCE, and the angle 
ACB to the angle DEC, and consequently (32. 1.) the 
angle BAG equal to the angle CDE ; the sides about 
the equal angles of the triangles ABC, DCE are propor- 
tionals ; and those are thg homologous sides which are 
opposite to the equal angles. 


Let the triangle DCE be placed, so that its side CE 
may be contiguous to BC, and in the same straight 
line with it ; and because the angles ABC, ACB are 
together less than two right angles, (17. 1.), ABC, 
and DEC, which is- equal to ACB, are also less than 
two 'right angles; wherefore 
BA, ED produced shall 
meet (Cor. 29. 1.) ; let them 
be produced and meet in the / \ 
point F ; and because the A / 
angle ABC is equal to the / \ \ 

angle DCE, BF is parallel / \ \ T 

(28. 1.) to CD. Again, / \ \ 

because the angle ACB is / \ / \ 

equal to the angle DEC, / \/ \ 

AC is parallel to FE (28. I.) B C B 

Therefore FACD is a paral- 


lelogram; and consequently AF is equal to CD, and 
AC to FD (34. 1.): And because AC is prrallel to 
FE, one of the sides of the triangle FBE, BA : AF : ; 
BC : CE (2. 6.): but AF is equal to CD; there- 
fore (7. 5.) BA I CD I l BC I CE ; and alternately 
BA : BC : : DC : CE (16. 5.) : Again, because CD 
is parallel to BF, BC : CE : ; FD : DE (2. 6.) : but 
FD is equal to AC ; therefore BC : CE : : AC : DE ; 
and alternately, BC : CA : : CE : ED. 
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Therefore, because it lias been proved, that AB : 
BC 1 : DC : CE ; and BC : CA : : CE : ED, .ex 
Mjwili, BA : AC : ; CD * DE. Therefore, “ the 
sides”, (A E. D. 


PROP. V. THEOR. 

Jf ike sides of two triangles, about each of their angles , 
be proportionals, the triangles shall he equiangular , 
and have their equal angles opposite to the homolo- 
gous sides. { 

Let the triangles ABC, DEF, have' their sides 
proportionals, so that AB is to BC, as DE to EF ; 
and BC to CA, as EF to FD ; and consequently, 
ex cequali, BA to AC, as ED to DF • the triangle ABC 
is equiangular to the triangle DEF, and their equal 
angles are opposite to the homologous sides, viz. the 
angle ABC being equal to the angle DEF, and BCA 
to EFD, and also BAG to EDF. 

At the points E, F, in the straight line EF, make 

(23. 1.) the angle FEG 
equal to the angle ABC, 
and the angle EFG equal 
to BCA ; wherefore the 
remaining angle BAG is 
equal to thl remaining 
angle EGF (3£^y), and 
the triangle * / ABC is 
therefore eplftngular to 

the triangle" GEF and consequently they have their 
sides opposite to the equal angles proportionals (4. 6.) 
Wherefore 4 
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AB : BC ; : GE : EF; but, by supposition, 
AB : BC : : DE : EF, therefore, 

DE : EF : : GE : EF. Therefore, (II. 5.) 
Df5 and GE have the same ratio to EF, and 
consequently are equal (9. 5.). For the same reason, 
DF is equal to FG. And because, in the triangles DEF, 
GEF, DE is equal to EG, and EF common, and also 
the base DF equal to the base GF ; therefore the 
angle DEF is equal (8. 1.) to the angle GEF, and the 
other angles to the other angles, which are subtended 
by the equal sides (4. L). Wherefore the angle DFE 
is equal to the angle GFE, and EDF to EGF; and 
because the angle DEF is equal to the angle GEF, 
and GEF to the Vmgle ABC ,* therefore the angle 
ABC is equal to the angle DEF : For the same reason, 
the angle ACB is equal to the angle DFE, and the 
angle at A to the angle at D. Therefore the triangle 
ABC is equiangular to the triangle DEF. Wherefore 
“ if the sides” k c. Q. E. D. 


PROP. VI. THEOR. 

If two triangles have one angle of the one equal to one 
angle of the other , and the sides the equal angles 
proportionals , the triangles shall he equiangular , 
and shall have those angles equal which are opposite 
to the homologous sides. 

Let the triangles ABC, DEF have the angle BAG 
in the one equal to the angle EDF in the other, and the 
sides about those angles proportionals ; that is, BA to 
AC, as ED to DF ; the triangles ABC, DERare equian- 
gular, and have the angle ABC equal to the angle 
BEF, and ACB to DFE. 
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At the points D, F, in the straight line 
(23. 1.) the angle FDG JL 
equal to either of the \ 
angles B AC, fiDF ; and / \ 
the angle DFG equal to / V ^ 

the angle ACB ; where- j \ ^ 

fore the remaining angle / \ / 

at B is equal to the re- / \ / 

maining angle at G g " \ L- 

(32, 1.), and conse- 


quently the triangle ABC is equiangular to the triangle 
DGF ; and therefore 

BA ! AC : : GD : DF (4. 6.) But by hypothesis,, 

JBA 1 AC I : ED : I)F ; and therefore 

ED : DF : : GD : DF (1 1. 5.) ; wherefore ED is 
equal (9. 5.) to DG : and DF is common to the two 
triangles EDF, GDF; therefore the two sides ED, DF 
are equal to the two sides GD, DF ; but the angle EDF 
is also equal to the angle GDF ; wherefore the base 
EF is equal to the base FG (4. 1. ), and the triangle 
EDF to the triangle GDF, and the remaining angles 
to the remaining angles, each to each, which are sub- 
tended by the equal sides : Therefore the angle DFG 
is equal to the angle DFE, and the angle at G to the 
angle at E But the angle DFG is equal to the 
angle ACB ; therefore the anglp ACB is equal to the 
angle DFE, and the angle BAC is equal to the angle 
EDF (Hyp.); wherefore also the remaining angle at 
B is equal to the remaining angle at E. Therefore, 
the triangle A BC is equiangular to the triangle DEF. 
Wherefore, u if two triangles” &c. Gt. E. D. 


PROP. VII. THEOR. 

, fp ■" 1 ■»>■ ■ 

Jf two triangles have one angle of the one equal to one 

angle of the other, and the sides about two other" 
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angles proportionals , then , if each of the remaining 
angles he either less , or not less , than a right angle > 
the triangks shall he equiangular , and have those 
angles equal about which the sides are proportionals. 


Let the two triangles ABC, DEF have one angle 
in the one equal to one angle in the other, viz. the 
angle BAC to the angle EDF, and the sides about two 
other angles ABC, DEF proportionals, so that AB is 
to BC, as DE to EF; and, in the first case, let each 
of the remaining angles at C, F, be less than a right 
angle * the triangle ABC is equiangular to the triangle 
DEF, that is, the angle ABC is equal to the angle 
DEF, and the remaining angle* at C to the remaining 
angle at F. * 


For, if the angles ABC, DEF, be not equal, one of 
them is greater than the other Let ABC be the greater, 
and at the point B, in 
the straight line AB, 
make the angle ABG 
equal to the angle 
(23. 1.) DEF: And 
because the angle at A 
is equal to the angle at 
I), and the angle ABG 



to the angle DEF; the remaining angle AGB is equal 
(32. 1.) to the remaining angle DFE : Therefore the 
triangle ABG is equiangular to the triangle DEF ; 
wherefore (4. 6.), AB : BG : : DE : EF ; but 
by hypothesis, DE : EF : : AB : BC, 
therefore, AB : BC : : AB :BG(11.5.); 
and because AB has the same ratio to each of the lines 
BC, BG; BC is equal (9. 5.) to BG, and therefore the 
angle BGC is equal to the angle BCG (5. 1.) ; But 
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the fingle BCG is, by hypothesis, less than a right 
angle ; therefore also the angle BGC is less than a right 
angle, and the adjacent angle AGB must be greater 
than a right angle (13. 1.). But it was proved, that the 
angle AGB is equal to the angle at F ; therefore the 
angle at F is greater than a right angle ; but by 
the hypothesis it is less than a right angle, which is 
absurd. Therefore the angles ABC, DEF are not 
unequal, that is, they are equal r And the angle at A is 
equal to the angle at D ; wherefore the remaining angle 
at C is equal to the remaining angle at F : Therefore, 
triangle ABC is equiangular to the triangle DEF. 

Next, Let each of the angles at C, F be not less than 
a right angle ; the triangle ABC is also, in this case, 
equiangular to the triangle DEF. 

The same construction being made, it may be proven 
inlike manner, that BC is equal to BG, and the angle a l 
C equal to the at 

angle BGC ; But ^ 

the angle at C is a 

not less than a / \ 

right angle ; there- / \ 

fore the angle / 

BGC is not less ^ \ ' 

than a right B C 

angle : Where- ( < 

fore, two angles of the triangle BGC are together not 
less than two right angles, which is impossible (17. I.); 
and therefore the triangle ABC may be proved to be 
equiangular to the triangle DEF, as in the first case. 

PROP. VIII. THEOR. 

In a right angled triangle, if a perpendimkr be drawn 
from the right angle to the base; the, triangles on 
each side of it m similar to the whole triangle, and 
to one another . 
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Let ABC be a right angled triangle, having the right 
angle B AC; and from the point, A let AD be drawn 
perpendicular to the base BC 1 the triangles ABD, 
ADC are similar to the whole triangle ABC, and to one 
another. 


Because the angle BAC is equal to the angle ADB, 
each of them being a right angle, and the angle at B 
eommon to the two triangles ABC, ABD ; the remain* 


ing angle ACB is equal 
to the remaining angle 
BAD (32. 1.) : therefore \ 

the triangle ABC is \ 

equiangular to the triangle \ 

ABD,' and the sides \ 

abgnt their equal angles ^ W r 

are proportionals (4. 6.); 

wherefore the triangles are similar (Def. 1. 6,). In 
like manner, it may be demonstrated, that the triangle 
ADC is equiangular and similar to the triangle ABC : 
and the triangles ABD, ADC, being each equiangular 
and similar to ABC, are equiangular and similar to one 
another. Therefore “ in a right angled” &c. Q. E D. 


Con. From this it is manifest, that the perpendicu- 
lar drawn from the right tingle of a right angled 
triangle, to the base, is a mean proportional between the 
segments of the base ; and also that each of the sides is 
a mean proportional between the base and its segment 
adjacent to that side . For in the triangles EDA, ADC 
BD : DA : : DA : DC (4. 6.) ; and in the 
triangles ABC, BDA, BC : BA : : BA : BD (4. 6.) * 
and in the triangles ABC, ACD, BC: CA : CA • CD 
(4.6.). 
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PROP. IX. PROB. 


From a given straight line to cut off any part required 
that is, a part which shall be contained in it a given 
number of times . 


Let AB be the given straight line ; it is required to 
cut off from AB, a part which shall be contained in it 
a given number of times. 


From the point A* draw a straight line AC making 
any angle with AB ; and in AC take any point D, and 
take AC such that it shall contain AD, as oft as AB is 
to contain the part which is to be cut off from it ; join 
BC, and draw DE parallel to it : then 
AE is the part required to be cut 
off. 

Because ED is parallel to one of 
the sides of the triangle ABC, viz. 
to BC, CD : DA : : BE : EA 
(2.6.); and by composition (18. 5.) 

CA : AD : : BA : AE : But CA is a 
multiple of AD ; therefore (6. 5.) 

BA is the same multiple of AE, or 
contains AE the same number of times ® 



that AC contains AD ; and therefore, whatever part AD 
is of AC, AE is the same of AB; wherefore, from 
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the straight line AB the part required is cut off'. 
Which was to be done . 


PROP. X. PROB. 


To divide a given straight line similarly to a given divid- 
ed straight line , that is , into parts that shall have the 
same ratios to one another which the parts of the 
divided given straight line have. ^ 

. t 

Let “AB be the straight line given to be divided, and 
AC the divided line; it is required to divide AB 
similarly to AC. 


Let AC be divided in the points D, E ; and let AB* 
AC be placed so as to contain any angle, and join BC > 
and through the points D, E, draw (31. 1.) OF, EG' 
parallel to BC ; and through D draw DHK parallel to 
AB * therefore each of the figures 
FH, HB, is a parallelogram ; 
wherefore DH is equal (34. 1.) 
to FG, and HK to GB: ami 
because HE is parallel to KC, 
one of the sidps of the triangle 
DKC, CE;ED::KH:HD: 

(2. 6.) But KH = BG, and HD 
■» GF; thfiffore CE : ED : : 

BG : GF/S&ain, because FD 

is paraj^li|EG, one of the sides of the triangle AEG 
El) : jgpfc; • FA': But it has been proved that 
CE ; r E‘D : ; BG : GF ;* therefore, the given «• straight 
line AB is divided similarly to AC. Which was to be 
done , 
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PROP. XI. PROB. 

To "find a third proportional to two given straight lines. 

Let AB, AC be the two given straight lines, and let 
them be placed so as to contain any angle ; it is 
required to find‘a third pro- 
portional to AB, AC. 

Produce AB, AC to the 
points D, E ; and make BD 
equal to AC : and having 
joi ned BC, through 1) draw 
PE, parallel to it (31. 1.). 

Because BC is parallel to 
PE> a side of the triangle 
APE, AB : BP : : AC : CE 

(2. 6.) ; but BD = AC ; therefore AB : AC : : AC : 
CE. Wherefore, to the two given straight lines AB, 
AC, a third proportional, CE, is found. Which was to 
bedone. 


pOP. XII. PROB. 

To find a fourth proportional to three given straight 

tines. 


A 



Let A, B, C be the three given straight lines ; it is 
required to find a fourth proportional to A, B, C. 

Take two straight lines DE, DF, containing any 
angle EDF : and upon these make PG equal to A, GE 
equal to B. and PH equal to C ; and having joined 
GH draw EF parallel (31. 1.) to it through the point 
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E. And because GH is parallel to EF, one of the sides 
of the triangle DEF, DG : GE : : DH : HF (2. 6.) : but 





DG ■» A, GE = B, and DH = G ; and therefore A : 
B ; I C *. HF. Wherefore, to the three given straight 
lines, A, B, C, a fourth proportional HF is found 
JVhich was to be done. 


PROP. XIII. PROB. 


To find a mean proportional between two given straight 
lines. 

Let AB, BC be the two given straight lines ; it is 
required to find a mean proportional between them. 

Place AB, BC in a straight line, and upon AC 
describe the semicircle 

ADC, and from the P 

point B (11. 1.) draw 
BD at right angles to 
AC, it»d join AD, DC. 

Because the angle 
ADC in a semicirclois 

angle (31. 3.), A 



and because in the right angled triangle ADC, DB Is 
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drawn from the right angle, perpendicular to the base, 
DB is a mean proportional between AB, BC, the seg- 
ments of the base (Cor, 8. 6.) ; therefore, between the two 
given straight lines, AB, BC, a mean proportional 
DB is found. Which was to be done . 


PROP. XIV. THEOR. 

Equal 'parallelograms which have one angle of the one 
equal to one angle of the other , have their sides about 
■ u :.fihe equal angles reciprocally proportional : And, 

parallelograms which have one angle of the one equal 
to one angle of the other, and their sides about the 
equal angles reciprocally proportional , are equal to 
one another , 


D 


Let AB, BC be equal parallelograms, which have 
the angles at B equal, >y p 

and let the sides DB, 

BE be placed in the 
same straight line ; 
wherefore also FB, 

EG are in one straight 
line (14. 1.) : the 
sides of the paral- 
lelograms AB, BG, 

S' i&U-I i that i., DB » .o BE as 
GBtoBF. 

Complete the parallelogram FE; and because the 
pamM.g~m. AB, BC ^ “bTt- 

SuS^Sfc logramsAB, FE’have the feme altitude. 
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* AB: FE : : DB : BE (I. 6.), also 

BC : FE : : GB : BF (1. 6.) ; therefore 
DB : BE : : GB : BF (11. 5.). Wherefore, 
the sides of the parallelograms AB, BC about their 
equal angles are reciprocally propoafcional. 


But, let the sides about the equal angles be recipro- 
cally proportional, viz. as DB to BE, so is GB to BF ; 
the parallelogram AB is equal to the parallelogram BC. 

Because, DB : BE : ; GB : BF, and DB : BE : : 
AB: FE, and GB : BF :: BC : EF, therefore, AB : 
FE I : BC : FE (11. 5): Wherefore, the paralle- 
logram AB is equal (9. 5.) to the parallelogram BC. 
Therefore, equal parallelograms, &c. Q. E. D. 


PROP. XV. TIIEOR. 

Equal triangles which have one angle of the one equal to 
one angle of the other , have their sides about the 
equal angles reciprocally proportional : And triangles 
whic}t have one angle in the one equal to one angle 
in the other, and their sides about the equal angles 
reciprocally proportional, are equal to one another . 


Let ABC, ADE be equal triangles, which have the 
angle B AC equal tp the angle DAE; the sides about, 
the equal angles of these triangles are reciprocally 
proportional ; that is, CA is to AD, as $A to AB. 
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L§t the triangles be placed so that their sides 1 
CA, AD be in 


one straight line; 
wherefore also 
EA and AB are 
in one straight 
line (14. 1); 
* join BD. Be- 
cause the trian- 
gle ABC is 
equal to the 
triangle ADE, 
and ABD is 
another triangle ; 



C 


■r 


H 



therefore, triangle CAB: triangle BAD:: triangle 
EAD: triangle BAD; but CAB : BAD:: CA * 
AD, and EAD : BAD : : EA : AB; therefore 

CA : AD : : EA : AB (11. 5.), wherefore the sides of 
the triangles ABC, ADE about the equal angles are 
reciprocally proportional. 

But, let the sides of the triangles ABC, ADE, about 
the equal angles be reciprocally proportional, viz. CA to 
AD as E A to AB; the triangle ABC is equal to the 
triangle ADE. 

Having joined BD as before; because CA : AD : : 
EA : AB ; and since CA : AD : : triangle ABC : triangle 
BAD ( 1 . 6.); and also EA : AB : : triangle EAD: triangle 
BAD (11.5.) ; therefore triangle ABC : triangle BAD ; ' 
triangle EAD I triangle BAD ; that is, the triangles 
ABC, EAD have the same ratio to the triangle BAD ; 
wherefore, the triangle ABC is equal (9. 5.) to the 
triangle EAD. Therefore, 44 equal triangles ” &c. Q. 


PROP. XVI. THEOR. 

If four straight lines be proportionals , the rectangle 
contained by the extremes is equal to the rectangle 
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contained by the means : And if the rectangle contain- 
ed by the extremes be equal to the rectangle contained 
by the meats, the four straight lines are proportionals' 


Let the four straight lines, AB, CD, E, F be 
proportionals, viz. as AB to CD, so is E to F; the 
rectangle contained by AB and F is equal to the 
rectangle contained by CD and E. 


From the points A, C draw (11. 1.) AG, CH at 
right angles to AB, CD; and make AG equal to F, 
and CH equal to E, and complete the parallelograms 
BG, DH. Because AB : CD ; : E : F; and since 
E= CH, and F = AG, AB : CD : : CH : AG; 
(7. 5.) therefore the sides of the parallelograms BG, 
DH about the equal angles are reciprocally propor- 
tional ; but parallelograms which have their sides 
about equal angles reciprocally proportional, are equal 
to one another (14. 6.); therefore the parallelogram 
BG is equal to the parallelogram DH ; and the 

parallelogram BG is con- 

tained by the straight w 

lines AB and F ; because j. ! 

AG is equal to F ; and j 

the parallelogram DH is g 

contained by CD and r - — — — -i 

E, because CH is equal 
to E ; therefore the rec- 

tangle contained by the »-■ — J L — J 

< A B ^ v. D 

Straight lines AB and F is equal to that which is con- 
tained by CD and E. . 
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And, if the rectangle contained by the straight lines 
AB, F, be equal to that which is contained by CD, E ; 
these four lines are proportionals, viz. AB is to CD, 
as E to F. 1 

The same construction being made, because the 
rectangle contained by the Straight lines AB, F is equal 
to that which is contained by CD, E, and the rectangle 
*2G is contained by AB, F, because AG is equal to F ; 
and the rectangle DH by CD, E, because CH is equal 
to E ; therefore the parallelogram BG is equal to the 
parallelogram DH ; and they are equiangular : but 
the sides about the equal angles of equal parallelograms 
are reciprocally proportional (14. 6.) : wherefore AB I 
CD : : CH : AG ; but CH = E, and AG=F, therefore 
A : BCD : : E : F. “Wherefore, if four; 9 &c. 
Q. E. D. 

PROP. XVII. THEOR. 

If three straight lines he proportionals , the rectangle 
contained by the extremes is equal to the square of 
the mean : And if the rectangle contained by the 
extremes be equal to the square of the mean, the three 
straight lines at e proportionals 

Let the three straight lines A, B, C be proportionals, 
viz. as A to B, so is B to C c ; th$ rectangle contained 
by A, C is equal to the square of B. 

Take D equal to B I and because as A to B so is B 
to C, and B is equal to D ; A is (7. 5.) to B, as D to 
C : but, if four straight lines be proportionals, the 
rectangle contained by the extremes is equal to that 
which is contained by the means (16. 6.) ; therefore 

tire rectangle A. C= A— 

the rectangle B.D; „ 

but the rectangle t ~ 

B.D is equal to the ' D — — — ~ — 

square of B, because ^ 
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B=*D; therefore the rectangle A.C is equal to the 
square of B. t; 

And, if the rectangle contained by A, C be equal to 
the square of B ; A : B : ; B : C. 

The same construction being made, because the 
rectangle contained by A.C is equal to the square 
of B, and the square of B is equal to the rectangle con- 
Cained by B.D, because B is equal to D ; therefore the 
rectangle contained by A.C is equal to that contained 
by B.D ; but if the rectangle contained by the extremes 
be equal to that contained by the means, the four straight 
lines are proportionals (16. 6.) : therefore, A l B : : D 1 
C, but B=»=D ; wherefore A ; B I I B I C. Therefore, 
“ if three straight lines” &c. Q. E. D. 


PROP. XVIII. PROB, 


Upon a given s traight line to describe a rectilineal figure 
similar, and similarly situated , to a given rectilineal 
figure. 

Let AB be the given straight line, and CDEF the 
given rectilineal figure of four sides; it is required, 
upon the given straight line AB, to describe a rectilineal 
figure similar, and similarly situated to CDEF. 

Join DF, and at the points A, B in the straight line 
AB, make (23, 1.) the angle BAG equal to the angle at 
C, and the angle ABG equal to the angle CDF; there- 
fore toe remaining angle CFD is equal to the remaining 
angle AGB (32. 1.): wherefore the triangle FCD is 
equiangular to the triangle GAB : Again, at the points 
G, B in the straight line GB, make (23. 1.) the angle 
BGH equal to the angle DFE, and the angle GBil 
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equal to FDE ; therefore the remaining angle FED is 



equal to the remaining angle GHB, and the triangle 
FDE equiangular to the triangle GBH : then, because 
the angle AGB is equal to the angle CFD, and BGH 
to DFE, the whole angle AGH is equal to the whole 
CFE": for the same reason, the angle ABH is equal 
to the angle CDE ; also, the angle at A is equal to 
to the angle at C, and the angle GHB to FED : 
Therefore the rectilineal figure ABHG is equiangular 
to CDEF : But likewise these figures have their sides 
about the equal angles proportionals : for the triangles 
GAB, FCD being equiangular, 


BA : AG : : DC : CF (4. 6.); for the same reason, 
AG I GB : : CF i FD; and because of the equi- 
angular triangles, BGH, DFE, GB : GH:: FD ; FE; 
therefore ex aquali (22. 5.), AG : GH : : CF ; FE. 
In the same manner, it may be proved, that 
AB : BH : : CD : DE. Also (4. 6.), 

GH : HB : FE : ED. Wherefore, because 
tlie rectilineal figures ABHG, CDEF are equiangular, 
and have their sides about the equal angles propor- 
tionals, they are similar to one another (Del. 1. 6.) 
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Next, Let it be required to describe upon a given 
straight line AR, a rectilineal figure, similar and 
similarly situated to the five-sided rectilineal figure 
CDKEF. Join DE, and upon the given straight line 
AB describe the rectilineal figure ABHG similar, and 
similarly situated to the .quadrilateral figure CDEF, 
by the former case ; and at the points B, H in the 
•straight line BH, make the angle HBL equal to. the 
angle EDK, and the angle BHL equal to the 
angle DEIv ; therefore the remaining angle at K is 
equal to the remaining angle at L ; and because the 
figures ABHG, CDEF are similar, the angle GHB is 
equal to the angle FEl), and BHL is equal to DEK ; 
wherefore the whole angle G11L is equal to the whole 
angle FEK ; for the same reason, the angle ABL is 
equal to the angle CDK : therefore the five-sided 
figures AGH LB, CFEKD are equiangular ; and be- 
cause the figures AGHB, CFED are similar, GH is to 
HB as FE to ED ; and as HB to HL, so is ED to 
EK (4. 6.) ; therefore ex aiquali (‘22. 5.), GII is to HL, 
as FE to EK : for the same reason, AB is to BL, as 
CD to DE ; and BL is to LB, as (4. 6.) DK, KE, 
because the triangles BLH, DKE are equiangular; 
therefore, because the five-sided figures AGH LB, 
CFEKD, are equiangular, and have their sides about 
the equal angles proportionals, they are similar to one 
another ; and in the same rngiraefr, a rectilineal figure 
of six, or more, sides may be described upon a given 
straight line similar to one given, and so on. Which 
teas to be done . 


PROP. XIX. THEOR. 

Similar triangles are* to one another in the ^duplicate 
ratio of their homologous sides . : 
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Let ABC, DEF be similar triangles, 
angl$ B equal to 
the angle E, and 
let AB be to BO, 
as DE to EFT so 
that the side BC 
is homologous to, 

EF.(Def. 13.6.) ; 
the triangle ABC 
has to the tri~ B G C 



having the 



angle DEF, the duplicate ratio of that which BC has 
to EE. 


Take BG a third proportional to BC and EF (11.6.) 
or su£h that 

BC : EF : : EF : BG, and join GA. Then 

AB : BC : : DE : EF, alternately (16. 5.), 

AB : DE : : BC : EF ; but 

BC : EF : : EF : BG; therefore (11. 6.) 

AB : DE : : EF : BG ; wherefore the sides 

of the triangles ABG, DEF, which are about the equal 
angles, are reciprocally proportional ; but triangles 
which have the sides about two equal angles recipro- 
cally proportional, are equal to one another (15. 6.) i 
therefore, the triangle A BG is equal to the triangle 
DEF ; and because that BC js to*EF, as EF to BO ; 
and that if three straight lines be proportionals, the first 
has to the third the duplicate ratio of that which it has to 
the second ; BC therefore has to BG the duplicate 
ratio of that which BC has to EF. But as BC to BG, 
so is ( 1 . 6 .) the triangle ABG to the triangle ABG ; 
therefore the triangle ABC has to the triangle ABG 
the duplicate ratio of that which BC has to EF ; and 
the triangle ABG is equal to the triangle DEF ; where- 
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fore also the triangle ABC has to the triangle DEF the 
duplicate ratio of that which BC has to EF* There- 
fore, similar triangles, &c. Q. E. D. 

. f # 

Cor. From this it is manifest, that if three straight 
lines be proportionals, as.the first is to the third, so is 
any triangle upon'che first to a similar, and similarly 
jpscribed triangle upon the second. 


PROP. XX. THEOR. 

Similar polygons may he divided into the same number- 
of similar triangles , having the same ratio to one 
another that the polygons have ; and the polygons 
have to one another the duplicate ratio of that which 
their homologous sides have. 

Let ABCDE, FGHKL be similar polygons, and let 
AB be the homologous side to FG : the polygons 
ABODE, FGtUSL may be divided into the same 
number of simirar triangles, whereof each has to each 
the same ratio which the polygons have ; and the poly- 
gon ABODE has to the polygon FGHKL a ratio 
duplicate of that which the side AB has to the 
side FG. 
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Join BE, EC, GL, LH I and because the polygon 
ABODE is similar to the polygon FGHKL, the angle 
BAE is equal to the angle GFL (Def. 1. 6.), and BA ; 
AE : GF :'FL (Def. 1.6.); wherefore, because the 
triangles ABE, FGL, have an angle in one equal to an 
angle in the othqr, and their sides about these equal 
angles proportionals, the triangle ABE is equiangular 
fS. 6.), and therefore similar to the triangle FGL 
(4. 6.) ; wherefore the angle ABE is equal to the angle 
FGL I and, because the polygons are similar, the 
whole angle ABC is equal (Def. 1. 6.) to the whole 
angle FGHj therefore the remaining angle EBC is 
equal to the remaining angle LGH : now, because the 
triangles ABE, FGfc are similar, EB ; BA I I LG ; 
FG ; and also because the polygons are similar, 

AB * BC ; : FG : GH (Def. 1. 6.) j therefore ex 
aquali (22. 5.) ; EB ; BC : I LG : GH ; that is, the sides 
about the equal angles EBC, LGH are proportionals ; 
therefore (6. 6.) the triangle EBC is equiangular to the 
triangle LGH, and similar to it (4. 6.). For the same 
reason, the triangle ECD is likewise similar to the 
triangle LHK ^therefore, the similar polygons ABODE, 
FGHKL are divided into the same number of similar 
triangles. 

Also, these triangles have, eachtto each, the same ratio 
which the polygons have to one another, the antecedents 
being ABE, EBC, ECD, and the consequents FGL, 
LGH, LHK;. and the polygon ABODE has to the 
polygon FGHKL the duplicate ratio of that which the 
side AB has to the homologous side FG. 


Because the triangle ABE is similar to the triangle 
FGL, ABE has to FGL the duplicate ratio (19. 6.) of 
that which the side BE has to the side GD: for the 
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same reason, the triangle BEC has to GLH the 
duplicate ratio of that which BE has to GL ; there- 
fore, as the triangle ABE to the triangle FGL, so 
(11. 5.) is the triangle BEC to the triangle GLH. 
Again, because? the triangle EBC is similar to the 
triangle LGH, EBC has to LGH the duplicate ratio 
of that which the ^ide EC has to the side LH : for 
the same reason, the triangle ECD has to the triangle 
LHK, the duplicate ratio of that which EC has to LH : 
therefore, as the triangle EBC to the triangle LGFI, so 
is (11. 5.) the triangle EC D to the triangle L,HK : but it 
has been proved, that the triangle EBC is likewise 
to the triangle LGH, as the triangle ABE to the 
triangle FGL. Therefore, as the triangle ABE is to 
the triangle FGL, so is*the triangle EBC to the triangle 
LGH,* and the triangle ECD to the triangle LHK : 
and therefore, as one of the antecedents to one of the 
consequents, so are all the antecedents to all the con- 
sequents ( 1 2. 5.) Wherefore as the triangle ABE to 
the triangle FGL, so is the polygon ABODE to the 
polygon FGHKL : but the triangle ABE has to the 
triangle FGL, the duplicate ratio of that which the 
side AB has to the homologous side FG. Therefore 
also the polygon ABCDE has to the polygon FGHKL 
the duplicate ratio of that which AB has to the homo- 
logous side FG. Wherefore, similar polygons &c . 
Q. E. D . 


Cor. L In like manner, it may be proved, that si- 
milar figures of foar sides, or of any number of 
sides, are one to another in the duplicate ratio of their 
homologous sides ; and the same has already been 
proved of triangles; therefore, universally, similar 
rectilineal figures are to one another in the duplicate 
ratio of their homologous sides. 
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Cqr. 2. And if to AB, FG, two of the homologous 
sides, a third proportional M be taken, AB has 
(Def. 11. 6^) to M the duplicate ratio of that which 
AB has to FT} ; but the four-sided figure, or polygon, 
upon AB has to the four-sided figure, or polygon, 
upon FG, likewise the di/plicate ratio of that which AB 
has to FG : therefore, as AB is to M, so is the figure 
upon AB to the figure upon FG, which was 1 also 
proved in triangles (Gor. 19. 6.) Therefore, universal- 
ly, it is manifest, that if three straight lines be propor- 
tionals, as the first is to the third, so is any rectilineal 
figure upon the first, to a similar and similarly described 
rectilineal figure upon the second. 

r 

i 

Cor. 3. Because all squares are similar figures, 
the ratio of any two squares to one another is the same 
with the duplicate ratio of their sides; and hence, also 
any two similar rectilineal figures are to one another 
as the squares of their homologous sides. 


PROP. XXI. TH.EOR. 


Rectilineal figures which are similar to the same recti- 
lineal figure, are also similar to one another . 

Let each of the rectilineal figures A, B be similar to 
the rectilineal figure C : The figure A is similar to the 
figure B. 

Because A is similar to C, they are equiangular, and 
also hare their sides about the equal angles proportion- 



C’SJPaf i fti 

»tt^r?r ^ *s?r*i <f<ti <rt? \sc<r ( <mi 

wi f^rhs; -^r^r*rtc<i ^ «r^cw ®sfjrt«i 

®«Tt '5r«|-?l 

csr- ®t?t<i 1%’ *rt® ^fflrcttfl ^ ^Mfspg; v^s'm 

<5r^1 W53F cvcgz U 

fa’f im fannr ®3sn ®>2PTt*i Elites ( ^i^s^f) 

^5f*r ®«rt w ^c^f ^ ^*rf?r^ c^gr v$. ^*f- 
f<HC CTTC2r<r 3RC* I '3Ta<il^ ?jf*f* ^1 *1^05 
’itta a - r f%JT ’tasr cs*tt ^Ic«t i2f«fa ?r«fl 

fftanr ®<n?T hrf^w® 

**n ■Mtarrnfa s5t**nsc*f fin?tf*ra 
c^ng® i 

ns ^sTtsT l srsrrf «j$f srr®^ ®**r war ^ta®! 

^np’s-fsi ^w wMsr *rte<r *r*- 

cw fr?rt® •*tfir*rt«i «w* s^w«r^5r hf^c^canr 
*ra**tlT *T*W Sst^iHOTJf wfa Tf^jf *RF£- 

^5CW3 ^1 \ . 


** arf^t i Wrnrj i 

or *3® c^ar Ji^Bf <4? c^tara 

srw^r ^ra^tU'3 ’tw»r i 

^ 4AK «f ^ ’iff® fcsfa* cror 'StFsjff* *r ®a*r 
foftpp c^c®3 w*f ^uhI *f c^par 

“^^1® 5iv»t i 

* <*rc^ ff 4?Ft?«l ^tstlri OFfft «m 

‘^W?fnt prri. •iK^ 



92 


GEOMETRY. 


a Is (Def. I. 6.) Again, because B is similar to C, 
they are equiangular, and have their sides about the equal 
angles proportionals (Def. 1. 6.): 



therefore the figures A, B are each of them equiangu- 
lar to C, and have the sides about the equal angles of 
each of them, and of 0, proportionals. Wherefore 
the rectilineal figures A and B are equiangular (1. Ax. 
1. ), and have their sides about the equal angles pro- 
portionals (11. 5.). Therefore, A is similar (Def. 1. 6.) 
to B. Q. E. D. 

PROP. XXII. TIIEOR. 

If four straight lines he proportionals , the similar 
rectilineal figures similarly described upon them shall 
also he proportionals ; akd if the similar rectilineal 
figures similarly described upon four straight tines 
he proportionals, those straight lines shall be pro- 
portionals > 

Let the four straight lines AB, CD, EF, GH be 
proportion^, viz. AB to CD, as EF to GH ; and 
upon AB, CD let the similar rectilineal figures KAB, 
LCD be similarly described; and upon EF, GH the 
sii^r t^ilineal fig&res 'MF, NH f in like manner ; 
tha rectilineal figure KAB is to LCD, as MF to RH. 
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To A B, CD take a third proportional (11. 6.) X ; 
an 1 kf EF, GH a third proportional G *. and because 
AB:CD::F-F:GEI,and 
CD: X : L : Gil : O, ill. 5.) ex aequali (21.5.), 
AB : X : : EF : O. But 
AB : X : : KAB : LCD ; (2. Cor. 20. 6.) and EF; 
Q : : MF: Nft : (2. Cor. 20. 6.) therefore KAB : 
* LCD : : MF : NH. (2. Cor. 20. 6.) 

And if the figure KAB be to the figure LCD, as the 
figure MF to the figure NH, AB is to CD, 
asEFtoGH. 


Make (12. 6.) as A® to CD,o EF to PR, and 
upon PR describe (18. 6.) the rectilineal figure SR 
similar, and similarly situated to either of the figures 



MF, NH : then, because as AB to CD, so is EF to 
PR, and upon AB, CD are described the similar and 
similarly situated rectilineali KAB, LCD, and upon 
EF, PR, in Jik;e manner, the similar rectilineals MF, 
SR; KAR is LCD, as MF to SR; but fey the 
hypothesis, KAB is to LCD, as MF to NH; and 
therefi^ rectilineal MF having the same,ratiQ to 
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each of the two NH, SR, these two are equal (9. 5.) to 
one another : they are also similar, and similarly situat- 
ed ; therefore GH is equal to PR : and because as 
AB to CD, so is E F to PR and because PR is equal to 
GH, AB is to CD, as EF to GH. If, therefore, four 
straight lines, &c. Q. E. D. 


PROP. XXIII. THEOR. 

Equiangular parallelograms have to one another the 
ratio which is compounded of the ratios of their sides. 


Let AC, CF be equiangular parallelograms, haying 
the ang le BCD equal to the angle ECG ; the ratio 
of the parallelogram AC to the parallelogram CF is 
the same with the ratio which is compounded of the 
ratios of their sides. 

Let BC, CG be placed in a straight line; therefore 

DC and CE are also in a 
straight line (14. 1.) ; com- 
plete the parallelogram DG; * 
and taking any straight lints 
K, make (12. 6.) as BC to 
CG, so K to L; and as 
DC to CE, so make (12. 

6.) L to M : therefore the ra- 
tios of K to L, and L to M 
are the same with the ratio x 

of the sides, or of BC to CG, and of DC to CE. 
But the ratio of K taM is that which is said to be 
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compounded (Def. 10. 5.) of the ratios of K to L, and 
L to Rf ; wherefore also K has to M the ratio com- 
pounded of the ratios of the sides of the parallelograms. 
Now, becausd as BC to CG, so is the parallelogram 
AC to the parallelogram CH(1.6.); and as BC to 
CG, so is ILto L, therefore K is (11. 5.) to L, as the 
parallelogram AC? to the parallelogram CH : again, 
because as DC to CE, so is the parallelogram CH 
to the parallelogram C K : and as DC to CE, so is L 
to M ; therefore L is (11. 5.) to M, as the parallelo- 
gram CH td the parallelogram CF: therefore since it has 
been proved, that as K to L, so is the parallelogram AC 
to the parallelogram CH ; and as L to M, so the paral- 
lelogram CH to the parallelogram C F ; ex sequali (22.5.), 
Kis td M, as the parallelogram AC to the parallelogram 
CF ; but K has to M the ratio which is compounded 
of the ratios of the sides ; therefore also the parallelo- 
gram AC has to the parallelogram CF the ra*io which 
is compounded of the ratios of the sides. Where- 
fore, equiangular parallelograms &c. Q. E. D. 


PROP XXIV. THEOR. 

The parallelograms about the diameter of any parcdieh- 
gram, are similar to the whole, and to one another. 

I^t ABCD be a parallelogram, of which the* diame- 
ter isAC ; and EG. HK the parallelograms about 
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the diameter : the parallelograms EG, HK are similar, 
both to the whole parallelogram ABCD, and to one 
another. 

Because DC, GF are, parallels, the angle ADC is 
equal (29. it) to 'the angle AGF : for the same fga- 
b ecause BC, EF are parallels, the angle ABC 
is equal to the angle AEF : also the angles BCD, 
EFG being each equal to the opposite angle DAB 
(84. 1.) are equal to one another, wherefore the 
paraUelograms ABCD, AEFG are equiangular. And 
because the angle ABC is equal to the angle AEF, and 
the angle BAC common to the two triangles 
BAC,* EAF, they are equiangular to one an- 
other ; therefore (4 6.) as 
AB to BC, SO is AE to EF : 

H,nd because the opposite sides 
Of parallelograms are equal to 
one another^ 34.1.) AB is(7.o.) 
to AD as AE to AG ; and DC 

toCB, as GF to FE ; and also — r 

CD to DA, as FG to GA: 0 K C 

therefore the sides of the parallelograms ABCD, AEFG 
about the equal angles are proportionals ; and they 
are therefore similar to one another (Def. 1. 6.): for 
the same reason, the parallelogrtim ABCD is similar 
to the parallelogram FHCK. Wherefore each of the 
parallelograms, GE, KH is similar to. DB : but rectili- 
neal figures which are similar to the same rectunea! 
figure, are also hinlar to one another (21 6.) ; there- 
fore the parallelogram GE is similar to KH. Where- 
fore, Darallelograms, &e. Q. E. D. 
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PROP. XXV. PROB. 

To describe a rectilineal figure which shall be similar to 
one } and equal to another given rectilineal figure . 

Let ABC be the; given Rectilineal figure, to which 
the figure to be described must be similar ; and D that 
to which it must be equal It is required to describe 
a rectilineal figure similar to ABC, and equal to D. 

Upon the straight line BC describe (Cor. 45. 1.) 
the parallelogram BE equal to the figure ABC ; 
also upon Cfi describe the parallelogram CM equal 
to 0, and having the angle FCE equal to the 
angle CBL: therefore BC and CF are in a straight line 
(29. 1. 14. 1.), as also LE and EM : bewteen BC and 
CF find (13. 6.) a mean proportional GH, and upon 


A 



L E M 


GH describe (18. 6.) the rectilineal figure KGH simi* 
lar, and similarly situated, to the figure ABC. And 
because BC is to GH as GH to CF, and if three 
straight lines be proportionals as the first is to the third, 
so is (2. Cor. 20. 6.) the figure upon the flirt to the 
similar and similarly described figure upon the second ; 
therefore as BC to CF, so is the figure ABC to the 
figure KGH ; but A BC to CF, so is (K 6.) the 
parallelogram BE to the parallelogram EF : therefore 
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as the figure ABC is to the figure KGH, so is the 
parallelogram BE to the parallelogram EF (II. 5.) : but 
the rectilineal figure ABC is equal to the parallelogram 
BE ; therefore the rectilineal figure KGH is equal (14.5.) 
to the parallelogram EF : but EF is equal to the figure 
D ; wherefore also KGH as equal to D ; and it is similar 
to ABC. Therefore, the rectilineal figure KGH <has 
been described similar to the figure ABC, and ,equal 
to D. Which was to he done . 


PROP* XXVI. THEOR. 


If two similar parallelograms have a common angle, and 
be similarly situated, they axe about the same diameter . 


Let the parallelograms ABCD, AEFG be similar 
and similarly situated, and have the angle DAB com- 
mon : ABCD and AEFG are about the same diameter. 


For, if not, lejf, if possible, the v> 

parallelogram |BD have its v " I 

diameter A H C in a different v [ , N X* r / 

straight line from AF, the dia- * ' - — 
meter of the parallelogam EG, 
and let GF meet AHC in H * 
and through H draw HK 



parallel to AD or BC ; therefore the parallelograms 
ABCD, AKHG being about the same diameter, are 
similar to one another (24. 6.) : wherefore, as DA to 
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AB, sb is (Def. 1. 6.) GA to AK : but because ABCD 
and AEFG are similar parallelograms, as DA is to 
AB, so is GA to AE ; therefore (11. 5.) as GA to AE, 
so is GA to AK ; wherefore GA has the same ratio to 
each of the straight lines AE, AK; and consequently 
AK is equal (9. 5.) to AE, the less to the greater, 
which is impossible : therefore ABCD and AKHG are 
not about the same diameter ; wherefore ABCD and 
AEFG must be about the same diameter. Therefore, 
if two similar, See. Q E. D, 


PROP. JfXVlI. TIIEOR. 

Of all the rectangles contained by the segments of a 
given straight line , the* greatest is the square which 
is described on half the line . 


Let AB be a given straight line, which is biseefe l 

in C, and let D be any point in it ; — 

the square on AC is greater than A C D B 
the rectangle AD.DB. 

For, since the straight line A'B is divided into two equal 
parts in C, and into two unequal parts in D, the rectan- 
gle contained by AD and DB together with the square 
of CD, i& equal to the square of AC (5. 2.). The 
square of AC is therefore greater than the rectangle 
AD.DB. Therefore, Ac. Q. E. D. 
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PROP. XXVI 11. PROB. 


To divide a giben straight line , so that the rectangle 
contained by its segments, may be equal to a given 
* rectilineal figure*) but that figure must not be greater 
than the square of half the given line . 


Let AB be the given straight line, and C the 



* Playfair, who substituted this proposition in his edition 
instead of the original Prop. XXVI 11 of Euclid, which he 
rightly describes as unnecessarily complex for beginners, has 
committed an inaccuracy, in not limiting the kind of figure, 
to which the rectangle contained by the segments of the divid- 
ed line is to be made equal. Euclid observes as a strict rule 
throughout his work never to direct any thing to be done, which 
he has not either shown how to do in an earlier problem 
or assumed as possible to be done by one of his postulates. 
By not limiting the given space to rectilineal space, Play fair tacit- 
ly assumes that a square can always be found equal to any 
given space, which is not true. 
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given rectilineal figure. Describe a square DEFG 
equal to C (25. 6.) 

Bisect AB in H, and if the square upon AH is 
equal to DEFG, the thing required is done. But 
if they are not equal, the square upon AH is greater 
than DEFG, by ’the condition ; and therefore AH is 
greater than DE, the side of the square DEFG. 
Draw HK at right angles to AB and equal to DE ; and 
produce KH to L so that KL be equal to AH or HB ; 
and from the centre K at the distance KL, describe a 
circle meeting AB in M. Join KM ; and because AB 
is divided equally in H, and unequally in M, AM. MB 
+ (5. &.)— KM*. But KH* + HM‘- 

KM 2 '(47. 1.) ^therefore AM.MB + HM 2 ==KH 2 +HM 2 ; 
and taking away HM S , AM.MB-KH*. Now KH 
=DE, and therefore KH 2 =DE 2 . But the square of 
DEis equal to the rectilineal figure C ; hence AM. MB 
= C ; wherefore the given straight line AB is divided 
in M so that the rectangle contained by the segments 
AM, MB is equal to thte given rectilineal figure C. 

Which was to he done. 


PROP. XXI PROB. 

To produce a given straight line, so that the rectangle 
Contained by the segments between the extremities of 
the given line, mid the point to which it is produced, 
may be equal to a given rectilineal figure.* 


* Here too Playfair says simply ** a v given space” without li- 

miting it. See preceding note. 
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Let AB be the given straight line ; find a square 


equal to the rectilineal 
figure to wine}* the rec- 
tangle under the segments 
of AB produced, must be 
equal (25. 6.) ; and let the * 
straight line I)E be the 
side of that square. 

Bisect AB in C, and 



draw BF at right angles to AB, and take BF equal 
to DE. Join CF and from the centre C, at the dis- 
tance CF, describe a circle meeting AB produced 
* inG. ; And because AB is bisecte# in C. and pro- 
duced to G, AG.GB -f CB-=CG 2 (6.2) ="CF 2 . But 
CF S «CB«+BF 2 (47. 1,), therefore AG.GB -kCB 2 ~ 
BF 2 +CB 2 and AG.GB^BF 2 . Now BF=DE hence 
BF 2 =sDE 2 . But the square upon the straight line DE : 
is equal to the rectilineal figure to which the rectangle 
contained by the segments of AB produced is to be 
equal ; wherefore the straight line AB is produced 
to G so that the rectangle AG.GB is equaj. to the given 
rectilineal figure. Which was to be done. 

’ Scholium. It is to be noticed that in this proposi- 
tion, the magnitude of the given rectilineal figure is 
not limited as in the last problem! 


PROP. XXX. PROS. 

To cut a given straight line in extreme and, mean ratio. 

Let AB be the givin straight line ; it is required to 
eut it in extreme and mean ratio. 

Upon AB describe (46. 1.) the square BC, and 
produce CA to D, so that the rectangle CJXDA may 
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a^W 99 *w <9993 9a aaa caai ^a® <sf 9 ft:a 9 
aar® ^tatc? ca aff% caara a?? 93 i?a *t:m 
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i>T9i i atfcpaa 4^c?t •jrarca* ca ^srapi 5ff«s^3 
a,a9faf<^ afaaft faftfa 5 ® ?t- 
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be equal to the square CB (29. 6.). Take AE equal 
to AD, and complete the rectangle DF under DC and 
AE, or under £)C and, DA. Then, because the rectangle 

CD.DA is equal to the square 
CB, the rectangle DF is equal to 15 j ~ — j 

OB Take away the common part 
CE from each, and the remainder 
FB is equal to the remainder DE. A 
But FB is the rectangle contained 
by FE and EB, that is, by AB and 
BE; and DEisthe square upon 
AE ; therefore AE is a mean pro- 
portional between AB and BE 
(17. 6.), or AB is to AE as AE to C F 
EB. But AB is greater than AE ; 

wherefore AE is greater than EB (14. 5.): Therefore 
the straight line AB is cut in extreme and mean ratio 
in E (Def. 3, 6.). Which was to be done . 



Otherwise : 

Let AB be the given straight line ; it is required to 

v.ut it in extreme and mean ratio* 

♦ 

Divide AB in the point C, so that the rectangle 

contained by AB.BC may be equal — — — — 

to the square of AC (11. 2.) ; Then, A C B 

because the rectangle AB.BC is 
equal to the square of AO, as BA to AC, so is AC to 
CB (17. 6.) ; Therefore AB is cut in extreme and 
paean ratio in C (11. 2.). Which was to he done. 
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PROP. XXXI. THEOR. 

In right angled triangles , the rectilineal figure described 
upon the side opposite -.to the right angle , is equal 
to the similar , tind similarly described figures upon 
the sides containing the right angle . 


Let ABC be a right angled triangle, having the 
right angle BAC : The rectilineal figure described 
upon BC is equal to the similar, and similarly described 
figures upon BA, AC. 

* 

Draw the perpendicular A D ; therefore, because 
in right angled triangle ABC, AD is drawn from 
right angle at A perpendicular to the base BC, the 
triangles ABD, A DC are similar to the whole triangle 
ABC, and to one another (8. 6.) ; and because the 
triangle ABC, is similar to ADB, as CB to BA, so is 
BA to BD (4. 6.) ; and because these three straight 
lines are proportionals, as the first to the third, so is 
the figure upon the first to the similar, and similarly 
described figure upon the second (2. Cor.) : Therefore, 
as CB to BD, so is the figure ixpon CB to fee similar 

and similarly described 
figure upon BA: and 
inversely (B. 5.), as DB 
to BC, so is the figure 
upon BA to that upon 
BC ; for the same rea- 
son, as DC to CB, so 
is the figure upon C A to 
that upon CB. Where- 
fore, as BD and DC 

together to BC, so are the figures, 'upon BA and on AC 
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together, to the figure upon BC (24. 5.); therefore, 
the figures on BA. and on AC, are together equal to 
that on BC ; and they are similar figures. Wherefore, 
in right angled triangles, See. Q. E. I). 


PROP. XXXII. TI1EOR. 


If two triangles which have two sides of the one propor- 
tional to two sides of the other , be joined at one angle , 
so as to have their homologous sides parallel to one 
another ; the remaining side shall be in a straight 
line . 

Let ABC, DCE be two triangles which have two 
sides BA, AC proportional to the two CD, DE viz. 
BA to AC, as CD to I)E, and let AB be parallel to 
DC, and AC to DE ; BC and CE are in a straight 
line. 

Because AB is parallel to DC, and the straight* line 
AC meets them, the alternate angles BAC, ACD are 
equal (‘29. 1.); for the same reason, the angle CD E is 
equal to the angle ACD ; wherefore also BAC is equal 
to CDE I And because the friafigles ABC, DCE have 
one angle at A equal 
to one at D, and 
the sides about 
these angles pro- 
portionals, viz. BA 
to AC, as CD to 
DE, the triangle 
ABC is equiangular 
(6vC6.) to DCE : 

Therefore the ande 

AdBC is equal to the . 

a^iDCE : And the angle B AC was proved to be equal 
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to ACD : Therefore the whole angle ACE is equal 
to the two angles A BC, BAC ; add the common angle 
ACB, then the angles ACE, ACB are equal to the 
angles ABC, BAC, ACB : But ABC, BAC, ACB are 
equal to two right angles (32. 1 .) ; therefore also the 
angles ACE, ACB are equal to two right angles : And, 
since at the point C, in the straight line AC, the t\Vc 
straight lines BC, CE, which are on the opposite sides 
of it, make the adjacent angles ACE, ACB equal to 
two right angles; therefore (14. 1.) BC and CE are 
in a straight line. Wherefore, if two triangles, &c. 
Q. E. D. 


PROP. XXXIII. THEOR. 


Tn equal circles, angles, whether at the centres or cir- 
cumferences, have the same ratio which the archest, 
on which they stand, have to one another : So also 

have the sectors. 

Let ABC, DEF be equal circles ; and at their centres 
the angles BGC, EHb, and the jingles BAC, EDF, 
at their circumferences ; as the arch BC t6 the arch 
EF, so is the angle BGC to the angle EHF, and the 
angle BAC to the EDF ; and also the sector BGC 
to the sector EHF. 


Take any number of arches CK, KL, each equal to 
BC, and any number whatever FM, MN, each- equal 
to EF; and join GK, GL, HM, HN. Because the 
arches BC, CK, KL are all equal, the angles BGC, 
CGKj -KGL are also 'all equal (27. 3.) : Therefore, 



iOcsiw. (*>\*>) *reta«l w c^1«i qiKtftfftft 
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what Multiple soever the arch BL is of the arch BC, 



the same multiple is the angle BGL of the angle 
BGC; for the same reason, whatever multiple the arch 
EN is of the arch EF, the same multiple is the angle 
EHN of the angle EHF. But if the arch BL be equal 
to the arch EN, the angle BGL is also equal (27. 3.) 
to the angle EHN ; or if the arch BL be greater than 
EN, likewise the angle BGL is greater than EHN ; 
and if less, less : There being then four magnitudes, 
the two arches BC, EF, and the two angles BGC, 
EHF ; and of the arch BC, and of the angle BGC have 
been taken any equimultiples whatever, viz. the arch 
BL, and the angle BGL ; and of the arch EF, and of 
the angle EH F, any equimultiples whatever, viz. the 
arch EN, and the angle EHN : And it has been proved, 
that if the arch B L be greater than EN, the angle 
BGL is greater than EHN ; and if equal, equal ; and if 
less, less ; As, therefore, the arch BC to the arch EF, 
s§(Dq£ 5. 5.) is the angle BGC to the angle EHF : 
But as the angle BGC is to the angle EHF, so is 
(15. 5.) the angle BAC to the angle EDF, for each is 
double of each (20. $.): Therefore, as the circum- 
ference BC is to EF, so is the angle BGC to the angle 
EHF, and the angle BAC to the angle EOF* 
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Also, as the arch BC to EF, so is the sector BGC to 
the sector EHF, Join BC, CK, and in the arches 
BC, CK take any points X, O, and join BX, XC, CO, 
OK : Then, because in the triangles GBC, GCK, the 
two sides BG, GC are equal to the two CG, GK, and 
also contain equal angles; the base BC is equal (4. 1.) 
to the base CK, and the triangle GBC to the triangle 
GCI£ : And because the arch BC is equal to the arch 

CK, the remaining part of the whole circumference of 
the circle ABC is equal to the remaining part of the 
whole circumference of the same circle : Wherefore the 
angle BXC is equal to the angle COK ( 27. 3. ) ; and 


: i 



the* segment BXC is therefore similar to the segment 
COK ( Def. 9. 3. ), and they are upon equal straight 
lines BC, OK : But similar segments of circles upon 
equal straight lines are equal (24. 3. ) to one another : 
Therefore the segment BXC is equal to the segment 
COK: And the triangle BGC is equal to the triangle 
CGK; therefore the whole, the sector BGC is equal 
to the whole, the sector CGK. For the same reason, 
the sector KGL is equal to each of the sectors BGC, 
CGK : rind in the same manner, the sectors EHF, 
FHM*^IHN may be proved equal to one another, 
Thermite, what multiple soever the arch B L is of the 
arcKBC, the same multiple is the sector BGL<of the 
sector BGC. For the same reason, whatever mul- 
- tip]^ the arch EN is of EF, the same multiple is the 
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sector r EHN of the sector EHF : Now, if the arch 
BL be equal to EN, the sector BGL is equal to the 
sector ElIN ; and if the arch BL be greater than EN, 
the sector B G L is greater than the sector EHN ; and 
if less, less I Since, then, there are four magnitudes, 
the two arches BC, EF,» and the two sectors BGC, 
EHF; and of the arch BC, and sector BGC, the arch 
BL" and the sector BGL are any equimultiples what- 
ever; and of the arch EF, and sector EHF, the arch 
EN and sector EHN are any equimultiples whatever; 
and it has been proved, that if the arch BL be great- 
er than EN, the sector BGL is greater than the sector 
EHN ; if equal, equal ; and if less, less ; therefore 
(Def. 5. 5.), as the arch BC is to the arch EF, so 
is the* sector BGC to the sector EHF. Wherefore, 
in equal circles, &e. Q. E. D. 

PROP. B. THEOR. 

If an angle of a triangle be bisected by a straight line, 
which likewise cuts the base ; the rectangle con- 
tained by the sides of the triangle is equal to the 
rectangle contained by the segments of the base , 
together with the square of the straight line bisecting 
# the angle. 

Let ABC be a triangle, 

and let the angle BAG be. „ - ~ -A 

bisected by the straight /' / \\ 

line AD ; the rectangle LJP" j \ N 
BA.AC is equal to the ' -fa - >,G 

rectangle BD.i)C, together i 
with the square of AD. . 

Describe the circle (5. 4.) V 
AOB ftboufeihe triangle, and 
prbduee Ap to the circutn- 
f^pce in E, and join EC. 

Then, because the angle 0 * 
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BAD is equal to the angle CAE, and the angle ABD 
to the angle (21 3.) A EC, for they are in the same seg- 
ment; the triangles ABD, AEG are equiangular to one 
another; Therefore BA: AD:: EA: AC (4. 0.) 
and consequently BA.AC= AD.AE (16. 6.) =ED.DA, 
4- DA 2 . (3. 2.) But ED DA = BD.DC (35. 3.), 
therefore BA.AC = BD.DC + DA 2 . Wherefore 
if an angle, &c. Q E. D. 


PROP. G THEOR. 

» 

If from any angle of a triangle a straight line he drawn 
perpendicular to the base ; the rectangle contained 
by the sides of the triangle is equal to the rectangle 
contained by the perpendicular , and the diameter of 
t he circle described about the triangle . 

Let ABC be a triangle, and AD the perpendicular 
from the angle A to the base BC ; the rectangle BA. 
AC is equal to the rectangle contained by AD and the 
diameter of the circle described about the triangle. 

Describe (5. 4.) the circle 
ACB about the triangle, and 
draw its diameter AE, and 
join EC : Because the right 
angle BDA is equal (31. 3.) 
to the angle ECA in a semi- ® 
circle, and the angle ABD 
to the angle AEG, in the 
same segment (21. 3.) 

the triangles ABD, AEC, 
are equiangular : There- 
fore, ( 4 . 6.) as BA* to AD, 
so is EA to AC : and con- _ 

frequently the rectangle BA.AC is equal ( 16 . 6) to 
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the rectangle EA.AD. If, therefore, from any angle, 
ike. Q, E. D. 


PROP, ,D. THEOR. 


Tfie rectangle contained by the diagonals of a quadrila- 
teral inscribed in a circle , is equal to both the rectangles 
contained by its opposite sides. 

Let A BCD be any quadrilateral inscribed in a circle, ' 
and let AC, BD be drawn ; the rectangle AC.BDis 
equal to the two rectangles A B. CD, and AD.BC. 

Make the angle ABE equal to the angle DBC ; add to 
each cf these the common angle EBl), then the angle 
ABI) is equal to the angle EBC : And the angle BDA 
is equal to (21. 3.) the angle BCE, because they are 
in the same segment ; 
therefore the triangle ABD 
is equiangular to the trian- 
gle BCE. Wherefore ( 4. 

6.), BC : EC : : BD r DA, 
and consequently (16. 6.) 

BC. DA= BD.CE, Again, 
because the angle ABE is 
equal to the angle DBC, 
and the angle (21, 3. ) 

BAE to the angle BDC, 

the triangle ABE is equiangular to the triangle BCD ; 
therefore BA : AE : : BD ; DC, and BA, DC = 

BD. AE (16, 6. ) ; But it was shewn that BC.DA = 

BD.CE; wherefore BC.DA + BA.DC = BD.CE + 
BD.AE == BD. AC (1. 2. ). That is, the rectangle 
contained by BD and AC is equal to tl^rac tangles 
contained by AB and CD, and AD and There- 
fore the rectangle, &c. Q. E. D. ‘ nr. 
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PROP. E. THEOR. 

If an arch of a circle be bisected \ and from the extre- 
mities of the arch , and from the point of bisection f 
straight lines be drawn, to any point in the circumfer- 
ence; the sum* of the two lines drawn from* f he 
extremities of the arch will have to the line drawn 
from the point of bisection, the same ratio which the 
straight line subtending the arch has to the straight 
line subtending half the arch . 

Let ABD be a circle, of which AB is an arch bisect- 
ed in C, and from A, C, and B to D, any point what- 
ever in the circumference, let AD, CD, BD be drawn ; 
the sum of the two lines AD and BD has to DC the 
same ratio that BA has to AC. 



For since ACBD is a quadrilateral inscribed in a 
circle, of which the diagonals are AB and CD, AD. 
CB + DB.AC (D. 6.) = AB.CD: hut AD.CB + DB. 
AC— AD. AC -f DB.AC, because CB — AC. Therefore 
AD.AC+DB.AC, that is (1. 2. ), ( ADq-DB ) AC= 
AB.CD. And because the sides of equ^Lrectangles 
are reciprocally proportional (14. 6*) ADjHtfi ; DC : : 
AB : AC. Wherefore, &c. Q, E. D. 
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PROP. F. THEOR. 

If two points he taken in a straight line passing 
through the centre of a circle, such that the rectangle 
contained hy the segments intercepted between 
them and the centre, of the circle he equal to 
the square of the radius ; and if from these points 
If.DO straight lines be drawn to any point 
whatsoever in the circumference of the circle , the 
ratio of these lines will he the same with the ratio of 
the segments intercepted between the two first men- 
tioned points and the circumference of the circle . 

Let ABC be a circle, of which the centre is D, and 
CAF H straight line passing through the centre I). In 
CAF take two points E, F, such that the rectangle FD. 
DE is equal to the square of AD. Since ED.DF= AD 2 
ED : AD : : AD : DF (17. 6.) and therefore if ED 
is less than AD, AD is less than DF (14. 5.) ; there- 
fore if one of the points as E is within the circle, 
the other F will be out of the circle. 

Let B be any point in the circumference of the 
circle, and draw straight lines EB, FB. FB : BE : : 
FA : AE. 
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is equal to the square of AD, that is, of BD, FD : 
DB::DB: DE (17. 6.) ■?, 


The two triangles FDB, BDE have therefore the 
sides proportional that are about the common angle D ; 
hence, they are equiangular (6. 6.), the angle DBE 
being equal to the angle DFB. Again, since I)B is 
equal to DA, the angle DBA is equal to DAB (5? 1.) ; 
but DBA is the sum of D BE and EB k, and DAB is the 
sum of AFB and FBA (32. L); therefore the sum 
of DBE and EBA is equal to the sum of AFB and 
FBA ; from these equals take away the equal angles 
DBE and AFB, and the remaining angles EBA and 
FBA v\pll be equal. Thus, it appears, that, in the triangle 
FBE, the line BA bisects the angle FBE ; therefore 
FB :BE : : FA ; AE ( 3. 6. ). Therefore, &c. Q. E. D. 


Cor. The ratio of the straight lines FB,BE. is also 
the same with the ratio of FC, CE, C being the 
point in which FE produced meets the cricle : For 
produce FB to G, and join BC. 


Because the angles FBE, EBG make together two 
right angles (13. 1.), and therefore are equal to twice 
the sum of ABE and EBG, which make one right 
angle ; and it has been shewn, that FBE is double 
ABE, therefore EBG is double EIJC ; hence it ap- 
pears that the outward angle EBG is bisected by BC ; 
therefore FB : BE : : FC : CE (A. 6.). 

PROP. G. THEOR. 

If from the extremity of the diameter of a circle a straight 
line be drawn in tlie circle , and if the 

circle, or produced without it, if meet a%ne perpen- 
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dicular to the same diameter ; the rectangle contained 
by the straight, line drawn in ty he circle , and the 
segment of it, intercepted betioeen the extremity of the 
diameter and the perpendicular, is equal to the rectan- 
gle contained by the diameter, and the segment of it 
cut off by the perpendicular . 


Let ABC be a circle, of which AC is the diameter, 
let DE be perpendicular to the diameter AC, and let AB 
meet DE in F ; the rectangle BA.AF is equal to the 
rectangle CA.AD. Join BC, and because ABC is an 
angle in a semicircle, it is a right angle (31. 3.) : Now, 



oq; angle ADF is also a right angie (Hyp .) ; and the 
angle BAC is either the same with DAF, or vertical to 
it ; therefore the triangles ABC, ADF, are equiangular, 
and BA : AC : : AD : AF (4. 6.) ; therefore also 
the rectangle BA.AF contained by the extremes is equal 
to the rectangle AC. AD contained by the means. 
(16.6.) If therefore, &c. Q. E. D. 

PROP. H. THEOR. 

♦ u 

The perpendiculars drawn from the three ctngUs of any 
triangle to the opposite sides intersect one knottier in 
the same po int , 



C«Fap3f I 

^<n:« fevfa vtfws ?it*r <k<% *r* *1*1 [f$?r 
^<fc« fc**rsi 'srlulsa ’sptJ ^tc? i 
<F-«f9t ** ^rrfa =*?r 1 spfairl ^isr 'Sf« 

*rte &t ®rere * fi\F5 *«r csrcta 

'sriire 'srt^^^sri ?!$& I ¥a 



OFf«i W^t*l (sSI'Oi)^?? 

^asrtsprtc?r w ort*i« c*t*i ^r*ta 
$<f^; c*t«i «f«w *tip*rc?i$ .’pg^ c^t*i *wt*«i 
^ c9Ptf«i ^<rf° <of : ■' ^ : 

wv ( oi8 ) %K «rei c<f*rtji «rt?re w 

C3*tt<r 'j-.^ ’srftrs ^5Ti ■&&(*»{■>*>) i 'spnrt^ff. 
?itc*ra ^sitfw i *?$!& &*wt*J,! 

W <2tf%Wl I 

far^wnr <*rc«w art*! ^5 ^ 55 ^ fc*ra 

^fwcei C^'^^ST 5TC^ 


ft home Try. 


1?6 


Let ABC be a triangle, and BD, and CE two 


pe rpendiculars inter- 
secting one another in 
F: let A F be joined, 
and produced if neces- 
sary, let it meet BC in 
G ^ AG is perpendi- 
cular to BC. 

Join DE, and be- 
cause AEF is a right 
angle, a circle describ- 
ed about the triangle 
AEF will have AF for 
a diameter (31. 1.) ; 

Also, because ADF is a 


A. 



right angle, a circle described about the triangle ADF 
will have AF for a diameter ; therefore the points A, E, 
F, D are in the circumference of the same circle. And 
because the angles BEC, BDC are right angles, it may 
be shewn, in the same manner, that the points B, E, D, 
C are in the circumference of the same circle, viz. that 
which has BC for its diameter : Let the circle AEFD 
s£nd the semicircle BEDC be described (31. 3.), Then, 
the angles FED, FAD, or CED, GAG, being in the 
same segment, will be equjd (21.3.): And in like 

manner it appears, that the angle CBD is equal to 
CED (21. 3.) therefore the angle CBD is equal to 
GAC. The two triangles CBD, GAG have therefore 
the angle CBD equal to CAG, and the angle GCD 
common, wherefore the remaining angles CEB, CDA 
are equal (32. 1.) ; now CDB is a right angle ; therefore 
CGA is also a right angle, and AG is perpendicular 
to BC. Therefore, &c. Q. D. E. 
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Cor. The triangle ADE is similar to the triangle 
ABC. For the two triangles BAD, CAE having the 
angles at D and E right angles, and the angle at A 
common, are < equiangular, and therefore BA: AD:: 
CA : AE, and alternately BA : CA : : AD : AE ; there- 
fore the two triangles BAG, DAE, have an angle at 
A common, and tlv? sides about that angle proportion- 
als, therefore they are equiangular (6. 6 ) and similar. 

Hence the rectangles BA.AE, CA.AD are equal. 


PROP. K. THEOR. 

If from any angle of a triangle a perpendicular he 
drawn to the opposite side or base ; the rectangle 
contained by the sum and difference of the other 
two sides is equal to the rectangle contained, by the 
sum and difference, of the segments , into which the 
base is divid'd by the perpendicular . 

Let ABC be a triangle, and AD a perpendicular 
drawn from the. angle A on the base BC, so that BD, 
DC are the segments of the base; (AC -f AB) 
(AC— AB) = (CD + DB) (CD— DB). 



• * 

From A as a centre with the radius AC, the greater 
of the two sides, describe the circle CFG; produce 
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AB to -meet the circumference in E and F, and CB to 
meet it in G. Then because AF = AC, BF = AB 
4- AC, the sum of the sides ; and since AE = AC, 
BE = AC — AB = the difference of the sides. 
Also, because AD drawn from the centre cuts GC at 
right angles, it bisects it (3. 3.) ; therefore, when the 
perpendicular falls within the triangle, BG = DG — 
DB = DC — DB a* the difference of the segments 
of the base, and BC = BD + DC =* the sum of the 
segments. But when AD falls without the triangle, BG ® 
DG 4- DB « CD 4~ DB = the sum of the segments 
of the base, and BC = CD — DB = the difference 
of the segments of the base. Now, in both cases, 
because B is the intersection of the two lines 
FE, GC, drawn in the circle, FB.BE » CB.BG 
(35. 3.); that is, as has been shewn, (AC 4- AB), 
(AC — AB) = (CD 4- DB) (CD— DB.) Therefore* 
&c. Q. E. D. 

4 Cor. 1. The rectangle contained by the sum and 
difference of the two sides, is equal to twice the 
rectangle contained by the base, and the segment 
between the middle of the base and the perpendicular 
on it from the opposite angle. Let H be the middle 
of ' base, and when the perpendicular AD falls within 
the triangle, take HK equal to IID : then CK = BD, 
and CD— BD = DK =* 2DH. r 

.Again, when AD falls without the triangle, it is 
evident that the sum of CD and BD is equal to the 
sum of CB and 2BD, or to the sum of 2BI1 and 2BD, 
that is to 2DH. Since then, in the first case, CD 4- 
BD « BC, and CD — BD = 2IID; and in the 
second, CD — BD » BC, and CD 4- BD = 2DH, 
it is manifest from the proposition, that in botli 
(CA + AB) (CA — AB) « 2HD.CB. 

Con. 2. The difference between the squares of any 
two sides of a triangle, is equal to the difference 
between the squares of the segments, into which the 
remaining side is divided by a perpendicular “from the 
opposite angle. 
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^ wf gtg i ft gf^i cgtg <«g?. gr^egg wftns ffgg 
<$?* wfg ggi >a ^egg ggjgf# g:<sg wfarea ft®*! 
gteg i w^sfg w wpgl gg gg?. gg ggfg^gcwg gcgi 
gfteg wt wg gg{g gpgl gg sstgtre gt = gg gg“ 
gg— gg=gt==ggw i 

* 

wgg^ggf cgtg ttreef gg gg fg^rc^g gtfeg 
gfg?:g gg ^gg gg* cggtg cgjg gg <sgi ggg gggl 
5 gw ggg *gfg gpj wtt*. ggw ^»n i stgg 
•sfggc*! gg + gg=gg <£fk gg— gg= gwg ft'ffsr 
cdwgc'i gg— gg=gg <gg? gg + gg= ggw 
&& atfsutre fg*&g cgf g gtesef eg ^»g 'Stggc*! 
(gg + gg). (gg— gg)= g wg. gg i 

= w^gig i fg^rewg ft glwg gg Ff^ ewg wfi 
wgfgtr gt^g g’gg-g cgfa gteF f^tfg® gg gfsfl 
fsg ft gf^g^g^^'cwg wrag ?pj ^teg i 
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For since by the proposition 
(AC 4* AB) (AC — AB) = (CD + DB) (CD — DB^, 
and (AC + AB) (AC — AB) = AC 2 — AB" 
(Cor 5. 2.); aleo (CD 4- DB) (CD — DB) = CD- 
— DB 2 (Cor. 5 2.) ; therefore AC 2 — AB- =* CD 2 — 
DBV 

PROP. L. THEOR. 

Tf the bases of four rectangles be proportionals, and 
also their altitudes ; the rectangles themselves shall be 
proper tiona Is . 



Let A, B, C, D, be the bases of four rectangles, and 
ISj" F, G, H, their altitudes; and let A : B : : C : D, 
and .E : F : : G : H ; the rectangles A.E, B.F, C.G, 
DiH are proportionals. t * 

For the ratio of the rectangle A.E to the rectangle 
B.F is compounded of the ratios of A to B, and E to 
F (23. 6.), which, by hypothesis, are the same as the 
ratios of C to D, and of G to H : but the, ratio of the 
rectangle. C.G to the rectangle D.H is compounded ofc 
the same ratios (23. 6.); therefore the rectangle ‘A.E is to 
the rectangle &F, hs the rectangle C.G tbthe rec«* 
ttfgle D.H (F.5.). Q.E. D. 
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GEOMETRY. 


PROP. M. THEOR. 


Jf perpendiculars he drawn from the extremities of the 
base of a triangle on a straight line, which bisects 
the angle opposite to the base ; the area of the triangle 
is equal to the rectangle contained by either of the 
perpendiculars , a\id the segment of the bisecting line 
between the angle and the other perpendicular. 


Let ABC be any trian- 
gle, of which BC is the 
base, AD a line bisecting 
the opposite angle, and 
BD, CE perpendiculars on 
that line : The area of 
the triangle ABC is equal 
to the rectangle CE.AD ; 
and it is also equal to the 
rectangle BD.AE. 



A 

A, 

' i \ 

W \ 

A 

-J C 

13 


Produce CE, the perpendicular drawn from one of 
the extremities of the base, to meet the opposite side 
in F ; the lines CF, BD will manifestly be parallel, and 
DE perpendicular to them both (27. 1.) And because 
in the triangles AEG, AEF the angle AEG is equal to 
A^F, EAC to EAF, and the side A E is common, the 
triangles are in all respects equal (26. 1.); therefore 
CF is bisected in E. Again, because the triangle BAG 
is the sum of the triangles ACF, BQF, and the triangle 
ACF is equal to the rectangle contained by CE and 
AE (41. 1.), and the triangle BCF to the rectangle 
contained by CE and DE (41. 1.) : therefore the trian- 
gle ABC is equal to the sum of the rectangles con- 
tained by CE and AE, CE and DE, and h$nce it 
is eqqal to the rectangle CE.AD (1. 2,). And because 
the triangles BAD, CAE are equiangular, AD : BD ; : 
AEr CE (4. 6.); therefore the rectangle CE AD is 
equal to BD.AE (16, 6.), wherefore ; either of these is 



& i ^*t*rhrr i 
^w% c^t«i fws^tfa^ ca«rr^ ^*f<i 
*rfa 'Sfasf ^ i 2 ftf 5 f^*tt \5 ^JT \ 5 C? 4 ^ 
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ci*ttg -geos ^fas fa’gpra c*fw ^j i 
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5p\§ c^t«t f%«t<r _ <ptf% c ?t 
^giT cgtn ®rtg ^ “ff'$ <& ca«tts 
i guf^r fir§r- 

C'Sr<( OTuq 5 J»<*T 'Sf^l’Tl 

*fa. ^<S *Xw I 

'sfag <2tte fa®tfa* *r« wt^fi 
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gfar cw«n gfarstii; ■STS ’ofafacwa &«- 

cgg (• i i ^ ) i ^g *pb& <n^\ fa^car 

«ft«i f 'gif ’nrfir m-v c?t«i <«g o v g*« 
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<s fg**?re fatrfs^tftxf 1 ^ffagsf <*** far^ar g^ 
<*m w^fa^c^sf isriir^n g^g far%w *f« 
'Q ^<8 cg^ftg 'srti’s ^stj ( ii3i ) <®sri <W fap§rar ^8 
<£&% \§vf cggig ’irfa’s ^j ^glg^i g^ far^ sfcg « 
5 ?b cg«rtg 'srfas >*m $ns « <§^r cg«rfa 'sffareg cTf^r 
■^ITJ. ^3tx «fa1 tfvS.g^ '^TfaC'SS ^THTfaT ( g 1 > ) 
<5jf*fa «r^ ^g<§ gt fa^w ggfa C^sffal 4%tg«t 

^ : ?rtr :; : it« (^is) gsfcfas' ?r. ^ «rfaf «fa. 

sp^s jRfa (-aw) 'sps^g t^fal «KfJPF f<W 

v 




121 


GEOMETRY. 


equal to the area of the triangle ABC. Therefore, 
&c. Q E. D. 


PROP. N. THEOR. 

If perpendiculars be drawn from the extremities of the 
base- of a triangle on a straight line which bisects the 
angle opposite to the base : Four times the rectangle 
contained by the perpendiculars is et/ual to the rectan- 
gle contained by two straight lines, one of which is 
the base increased by the difference o f the sides, and 
the other the base diminished by the difference of the 
sides. 

Let ABC he any triangle, A 

of which BC is the base, 
and AB the greater of the /' / \ 

two sides, let AD be a , \ : . 

line bisecting the angle 
opposite to the base, and ■ — -—...ji', 

BD, CE perpendiculars on i- — \ 

that line : Four times the > — j . (_’ 

rectangle contained by BD ' 1 

and, CE is equal to the rectangle contained by a 
straight line equal to BC + (AB— AC) and a straight 
Jineequalto BC — (AB — AC.) * 

Produce CE the perpendicular drawn from one of 
the extremities of the base to meet the opposite side 
BA in F ; and draw BIT perpendicular to CF : The 
figure BHED thus formed will manifestly be a paralle- 
logram (^8. 1 .) : And because in the triangles AEC,AEF, 
the angle AEC is equal to AEF, EAC to EAF, and 
the side AE is common ; the triangles are in all res- 
pects equal (26. 1.), and have AC = AF, and EC = 
EF : and because CF the base of the triangle CBF is 
bisected in E, and BIT is drawn perpendicular to CF 
from the opposite angle, 



I 
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(BC + BP) (BC — BFi=2FC.EH (Cor. 1. K. 6.) 
Now BC + PF = BC + (BA— AC), and BC— 
BF = BC— (BA— AC) and 2FC = 4CE, and EH = 
BD (34. 1.) ; tneiefore 

J BC+ (BA— AC) J BC — (BA— AC) ^ 

c=4BI).CE. Therefore, &c. Q E. D. 


PROP. O. THEOR. 


// perpendiculars be drawn from the extremities of the 
base of a triangle on a straight line which bisects the 
angle opposite to the base I I ovr times the rectangle con- 
tained by the segments of the bisecting line between 
the angle and the pa punliculars, is equal to the 
rectangle contained by two straight lines, one of which 
is the sum of the sides increased by the base, and the 
other the sv'm of the sides diminished by the base . 

Let ABC be any ti iangle, of which BC is the base, 


ADa line bisect- 
ing the opposite 
ahffle, and BD, 
CF perpendi- 
culars on that 
line : Four 

tunes the ico 
tangle contain- 
ed by AD and 
AE is equal 
to the rectangle 
contained by a 


i 



straight line equal to AB + AC + BC, and a straight 
line equal to AB-{- AC — BC. 
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CJ3 ^5Ttsr Stc 5 * I- 
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4?° 4 fkf 
eijfsf Jlft'® 
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From C, one extremity of the base, draw CG 
parallel to AD, meeting BA in F, and the perpendi- 
cular 13 D in II ; and draw AG perpendicular to CF : 
The figures A?3H1), AGCE, thus formed, are mani- 
festly parallelograms (28. & 29. 1.) And because 
AD is parallel to FH, the angle BAD is equal to 
AFC, and DAC to ACF (28.\$c 29. I.); but BAP 
is by the hypothesis equal to DAC; therefore , the 
angles AFC, ACF are equal. And because in the 
triangles AGC, AGF, the angle AGC is equal to AGF, 
ACG to AFG and the side AG common ; the triangles 
are in all respects equal (26. 1. ), and have AC=AF. 
and GC = GF. 


Again, because CF, the base of the triangle CBF, 
is bisected in G, and BH is drawn perpendicular to CF 
from the opposite angle, 


(FB+BC) (FB — BC)=2 FC.GH (Cor. 1. K. 6.). 
Now FB + BC=-.AB + AC + BC, and FJ3— BC«AB 
HtAC — BC, and 2FC=4CG = 4AE (34. 1.), and GH 
= AD ; therefore 


(AB +.AC + BC)* (AB + AC— BC) ~4DA.AE, 
Therefore, &c. Q. E* D, 
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m i <fi^5T crt*f 
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PROP. P. TIIEOR. 


Four times the area of amj i triangle is a wean pro- 
portional between two rectangles, viz. one contained % 
a, straight line equal to the sum of the sides increased 
hi) the base ; and a straight line equal to the sum of 
the sides diminished by „ the base ; and the other con- 
tained bg a straight line equal to the base increased by 
the difference of the sides, and a straight line equal to 
the base diminished by tin difference of the sides . 


Let ABC be a triangle, 
and let BC, any one* of the 
sides be taken as its base ; 
four times the* area of the 
triangle is a mean pro- x 
portional between these two 
rectangles. 

(BA+AC-j-BC) (BA + AC — BC) 

t BC + (BA- AC) j £bC— (BA-AC) j 

Draw AD bisecting the angle opposite to the base, and 
draw CE, 15 D perpendiculars on AD. Because the 
triangles ABD, ACE are similar, 

AD : DB : : AE : EC (4. 6.) 

Now, AD : BD : : AD.AE : D13.AE (1. (>.) 

And AE : EC : : BD.AE : BD EC (1. C.) 
Therefore AD.AE : DB.AE : : BD.AE : BD.EC 
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And 4AD.AE : 4DB.AE : : 4BD.AE : 415D.EC 
But 4AD. AE=(AB -wAC + BC) (AB+AC — BC)(0. 6.) 
And 4DB.AE.*=tour times the area of the triangle 

ABC (M. 6.)' And 4BD.EC=| BC + (BA-AC)| 

I BC — (BA-AC) |(N. 6.) Therefore. « . 

(BA + AC + BC) (BA+AC— BC) : 4Tr. ABC : : 4T 
ABC : \ BC + (B A— AC) \ \ BC— (B A— A C) | 
Therefore, &c. Q. E. D. 
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PROBLEMS 


SELECTED FROM BLAND’S GEOMETRICAL 
PROBLEMS. 


Section I. 

1. Through a given point to draw a straight line 
which shall make equal angles with two straight lines 
given in position. 

2. From two given points to draw two equal straight 
lines which shall meet in the same point of a line given 

. . . f 

in position. < 

3. From two given points op the same side of 
a line given in position, to draw two lines which shall 
meet in that line, and make equal angles with it. 

4. From two given points on the same side of a 
line given in position, to draw two lines which shall 
meet in a point in this line, so that their sum shall be 
less than the sum of* any two lines drawn from the 
same points and terminated at ( any other point in the 
same line. 
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5. From a given point between two indefinite right 
lines given in position, to draw a fine which shall be 
terminated by the given lines, and bisected in the given 
point. 

6. To trisect a Might angle, 

7. , To divide a given finite straight line into any 
number of equal parts. 


Section II. 

8. Of all straight fines which can be drawn from 
two given points to meet on the convex circumference of 
a given circle ; the sum of those two will be the least, 
which make equal angles with the tangent at the point 
of concourse. 

9. If a circle be described on the radius of another 

circle ; any straight line drawn from, the point where 
they meet, to the outer circumference, is bisected by the 
interior one. « 

10. To draw a straight line’ which shall touch two 

given circles. 4 

11. If from a point in (he circumference of a cir- 
cle any number of chords be drawn; the locus of their 
points of bisection will be a circle. 

12. Through a given point, either without or within 
a given circle, to draw a straight line, the part of which 
intercepted by the circle, shall be equal to a given line 
not greater than the diameter of the r circle t f 
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**i * 
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13. If two chords of a given circle intersect each 
other, the angle of their inclination is equal to half the 
angle at the ceqtre which stands on an arc equal to the 
sum or difference of the arcs intercepted between them, 
according as they meet within or without the circle. 

14. In the diameter of a circle produced, to deter* 
mine "a point, from which a tangent drawn to the cir- 
cumference shall be equal to the diameter. 

15. To determine a point in the circumference of a 
circle, from which lines drawn to two other given points 
in the circumference, shall have a given ratio. 

16. If any point be taken in the diameter of a cir- 
cle, which is not t\ie centre ; of all the chords which can 
be drawn through that point, that is the least which is 
at right angles to the diameter. 

17- To draw a straight line cutting two concentric 

o c? 

circles so that the part of it which is intercepted by the 
circumference of the greater may be double the part in- 
tercepted by the circumference o£ the less : but the 
radius of the greater must not Be more than twice the 
radius of the less. < 

18. If from any two points in the circumference of 
a circle there be drawn two straight lines to a point in 
a tangent to that circle ; they will make the greatest 
angle when drawn to the point of contact. 

19. If one chord in a circle bisect another, and 
tangents drawn from the extremities of each be pro- 
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duced to meet ; the line joining their points of inter- 
section cwill be parallel to the bisected chord. 

20. If two pircles cut each other ; the greatest line 
that can be dfhwn through the point of intersection 
to the two circumferences is that which is parallel to the 
line joining their centres. * t 

21' If the tangents drawn to every two of three 
unequal circles he produced till they meet : the points of 
intersection will be in a straight line. 


Section III. 

22. Any side of a triangle is greater than the differ- 
ence between the other two sides. 

23. In any right-angled triangle, the straight line 
joining the right angle and the bisection of the hypo- 
thenuse is equal to half the hypothenuse. 

c‘24. If from any point within an equilateral triangle 
perpendiculars be drawn to the sides ; they are together 
equal to a perpendicular drawn from any of the angles 
to the opposite side. r 

25. If the points of bisection of the sides of a given 
triangle be joined; the triangle c so formed will be one 
fourth of the given triangle. 

26. The difference of the angles at the base of any 
triangle is double the angle contained by a line drawn 
from the vertex perpendicular to the base, and another 
bisecting the angle at the vertex, «. 
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27. The sum of the sides of an isosceles triangle is 
less than the sum of the sides of any other triangle on 
the same baseband between the same parallels. 

28. Of all triangles having the same vertical angle, 
and whose bases jjass through a given point, the least is 
that whose base is bisected in the given point. 

29. To bisect a given triangle by a line drawn from 
a given point in one of its sides. 

30. To determine a point within a given triangle, 
from which lines drawn to the several angles, will 
divide f the triangle intcf three equal parts. 

31. To trisect a given triangle from a given point 
within it. 

* 

32. From a given point in the side of a triangle, 
to draw lines which will divide the triangle into parts, 
which shall have a given ratio* 


Section IV. 

33. To bisect a parallelogram by a line drawn from 

a point in one of its sides. * 

34. To bisect a trapezium by a line drawn from 

one of its angles. *• 

35. To bisect a trapezium by a line drawn from a 
given point in one of its sides. 

36. The area of any two parallelograms described 
on the two sides of a triangle is equal to that of a paral- 
lelogram on the base, whose side is equaV and parallel 
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to the line drawn from the vertex of the triangle to the 
intersection of the two sides of the former parallelograms 
produced to meet. 

Deduce Euclid 47. I., as a particular case of this. 

37. If squares be described on the liypothenuse and 
sides cf a right-angled triangle, and the extremities 'of 
the sides of the former and the adjacent sides of the 
others be joined ; the sum of the squares of the lines 
joining them will be equal to five times the square of 
the hypothenuse. 

c 

Section V. 

38. To determine a point in a line given in positi- 
on, to which lines drawn from two given points may 
have the greatest difference possible. 

39. To divide a straight line into two parts such, 
that the rectangle contained by them may be equal to 
the Square of their difference. 

40. To determine two lines* such that the sum of 
their squares may be equal to a givei\ square, and their 
rectangle equal to a given rectangle. * 

41. Through a given point ta draw a line termi- 

nating in two lines given in position, so that the rec^ 
tangle contained by the two parts may be equal to a 
given rectangle, but this rectangle must not be less than 
that contained between the segments of the pei*J>endi* 
£ular from the point on either of the' lines. / 
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42. From a giVen point to draw a line cutting two 
given parallel lines, so that the difference of its segments 
may be equal to a given line, not less than the difference 
of the segments of the perpendicular from the point 
to the two lfnes. 

* * 1 . 

43 nj From two given points to draw two lines to 
a point in a third line, so that the difference of their 
squares may be equal to a given square. 

44. lo divide a given triangle into any number 
of parts, having a given ratio to each other, by lines 
drawn parallel to one of the sides of the triangle. 

45. To divide a given triangle into any number of 
equal parts, by lines drawn parallel to a given line. • 

46. Through a given point, between two straight 
lines containing a given angle, to draw a line which 
shall cut off a triangle equal to a given rectilineal 
figpre; not less than the triangle between the given 
straight lines, and a base which is bisected in the 
given point. See Sec. III. 28 a 


Section VI; 

*• 47 . To describe a rectangular parallelogram, which 

shall be equal to a given square, and have its adjacent 
sides to^eiier equal to a given line, not less than twipe 
the given square, 
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48. To describe a rectangular parallelogram which 
shall be^quai to a given square, and have the difference 
of its adjacent sides equal to a given line. 

49. To describe a triangle which shall be equal to 
a given equilateral and equiangular pentagon, and of 
the same altitude. 

50. To describe an equilateral triangle equal to a 
given isosceles triangle. 

51. To describe a parallelogram, the area and peri- 
meter of which shall be respectively equal to the area 
and perimeter of a given triangle. 

52. To divide a circle into any number of concen- 
tric equal annuli. 

53. To inscribe a square in a given semicircle. 

54. To inscribe a square in a given segment of 
a circle. 

<55. Having given the distance of the centres 
of two equal circles which cut eafh other ; to inscribe 
a square in the space included ‘between the two circum- 
ferences. ^ 

56. In a given circle to inscribe a rectangular 
parallelogram equal to a given rectilineal figure. 

57. In a given equilateral and equiangular pen- 
tagon to inscribe a square. 

58. To inscribe a circle in a given quadrant. 

59. To describe a circle, the circumference of 
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which shall pass through a given point, and touch 
a given straight line in a given point. 

CO. To describe a circle which shall pass through 
two given points, and touch a given straight line. 

61. To describe a circle, the circumference of which 
shall *pass through a given point, and touch a circles' in 
a given point; the two points not being in a tangent 
to the given circle. 

62. To describe a circle, which shall touch a 

straight line in a given point, and also touch a given 

r 

circle. ' 

63. To describe a circle passing through two given 
points, and touching a given circle. 

64. To describe a circle, which shall pass through 

a given point, and touch a given circle and a given 
straight line. 4 , 

65. To describe a circle, which shall touch a 

straight line and two given circles. 

66. To describe a circle which shall touch two 
given straight lines and a givet* circle. 


Section \ 

67 . Of all triangles on the same base and between 
the same parallels, the Isosceles has the greatestvertical 
angle. 
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Section VIII. 

68. '"If on the chord of a quadrantal arc a semi- 
circle be described ; the area of the lune so formed will 
be equal to the area of the triangle formed by the chord 
and terminating radii of th6 quadrant. 

69. ^ If from the extremities of the side of a square 
circles be described, the radius of one being equal to 
the side, and of the other to the diagonal of the square ; 
the area of the lune so formed will be equal to the 
area of the square. 

70. Jf, on the sides of a triangle inscribed in a 
semicircle, semicircles be described ; the two lanes 
formed thereby will together be equal to the area 
of the triangle. 

Section IX . 

$ 1. Given one angle, a side adjacent to it, and the 
difference of the other two side^ ; to construct the 
triangle. 

72* Given one angle, a side opposite to it, and the 
difference of the other two sides; to ' construct the 
triangle. 

73. Given one angle, a side opposite to it, and the 
sum of the other two sides ; to construct the triahgle. 

74. In a right-angled triangle, having given the 
sum of the base and lfypothenuse, and the sunrof the 

perpendicular j to construct the, trirngle. 
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k 

75. Given one angle of a triangle, and the sums of 

each of the sides containing it and the third side ; to 

construct the triangle. 

© 

76. The area and hypothenuse of a right-angled 
triangle being given ; to construct the triangle. 

the foregoing problems the distribution into sections is 
given according to Bland in order to enable the learner to make 
references with facility ; but the problems are numbered 
differently here. 
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QUESTIONS FROM THE LI LAV ATI. 


TheT following questions are appended, not because 
hey form a good sequel for their own merit to the 
preceding problems from Bland, but because, being 
extracted from a popular text-book in Sanscrit of 
practical Geometry, they have a* sort of classical 
authority in the estimation of the Hindus. The Lilavati 
is the source whence Hindu mathematicians generally 
derive their geometrical knowledge; and, as the 
following list contains all the points treated in that 
work on the subject of Plane Figure, the learner may 
take some interest in dn§vyering the queries. 

The ancient Brahmins never made any considerable 
progress in the study of Geometry. Their speculations 
in Algebra were of a higher order. Euclid's method 
of rigidly demonstrating every truth that is propounded* 
was not known to the Brahmins, or at least was wholly 
disregarded by them. That they were acquainted with 
many properties of rectangles, rectangular triangles, 
and circles, the following questions prove beyond as 
^oubt. The original inventors of the science must 
have satisfied themselves in some w r ay of the truth 
#f the propositions they believed and taught But 
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it does not appear that, when communicating them to 
their disciples, they revealed the grounds of their belief, 
in any way. similar to Euclid’s. The doctrines 
were inculcated, and received as established truths, 
on the authority pf the tutors ; and, as they stood 
the .test of experience, no other demonstrations 
w r ere sought It may be doubted whether any 
Brahmin, unenlightened by foreign instruction, and 
unacquainted with the Sanscrit translation of Euclid, 
executed in the days of Jaya Singha, not more than 
200 years ago, can mathematically demonstrate the 
truths, involved in the problems which he is able 
mechanically to solve. 

The questions numbered 31 and 33 cannot be geome- 
trically solved. The problem of inscribing a heptagon 
or a nonagon in a circle is identical with that which was 
celebrated among Greek geometricians as the pro- 
blem of the trisection of the angle. 

« 

If treated algebraically, # it leads to a cubic equation 
with three real roots, the arithmetical value of which 
can be found only approximately. 

The author of the Lilavati has given no account of the 
way in which he got the numbers stated by him •, if they 
had been obtained by solution of the above-mentioned 
equation, they would probably have been more, accurate 
than they rre. He only lays down an arbitrary rule, 
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that the 'side of the heptagon is of the diameter 

and that of ^ the nonagon °f the same. 

Neither of these is very far from the truth. The 
accurate value of the side of the heptagon lies between 

t 

and The^ide of the nonagon lies between i'i 

and |84. 

# 

Among the commentators on the Lilavati, Rama- 
krishna, Gangadhara, Ranganatha, have not 
attempted any demonstration of the problems in 
question, and have contented themselves with merely 
repeating the figures contained in the text. Ganesa 
confesses that the proof of the sides of the regular 
pentagon, heptagon, and nonagon cannot be shown in a 
manner similar to that of the triangle, square, and 
octagon. That is untrue of the pentagon : its side can 
be geometrically foqpd, as shewn in this treatise B IV. 
Prop. 11; and the admission of Ganesa serve 
oqly to prove that he was unacquainted with the 
Sanscrit translation of Euclid, which contains a solution 
of this problem, Ganesa catonot mean only that the 
side of the pentagon is incommensurable with the 
diameter : for, that is equally true 'of the triangle, 
square, and octagon, inscribed in a circle. Suryadasa is 
bolder than Ganesa and the other commentators, with 
no other result than shewing more conspicuously his 
ignorance of the real nature of the problem. “ For the 
heptagon” says he “ describe a circle as before, and 
within it an equilateral heptagon ; then a lifte being 
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drawn between < the extremities of any two sides at 
pleasure and three lines from the centre of the cir- 
cle to the angles indicated by those extremities, an 
unequal quadrilateral is formed. The greater sides, 
and the least diagonal thereof are equal to the 
semi -diameter. The value of the greater diagonal, 
whieh is assumed arbitrarily, is the chord of the 
arc encompassing the two sides. Its arrow being 
deduced in the manner before directed, is the side 
of a small rectangular triangle. Thus the greater 
diagonal, being here .arbitrarily assumed to be 93804, 
is the^ chord sought; its arrow found in the manner 
directed is 22579 ; this is the side, and half the base 
or chord is the upright 46902; their squares are 
509711241 and 21997604, the square root of the 
sum of which is the side of the heptagon or 52055.* 

For the nonagon,.he says ; u A circle being described 
as before/ inscribe a triangle in it. Thus the circle is 
divided into three parts. Three equal chords being 
drawn in each of those portions, a nonagon is thus 
inscribed in the circle: an cf three oblongs are formed 
within the same ; of which the base is equal to the 
side of the (inscribed) triangle. Two perpendiculars 
being drawn in the oblong, it & divided into three por- 

* These numbers are given from the copy of Suryadm’s 
commentary on the Lilavati in the library of the Asiatic So- 
ciety. There are two obvious ews in t*>em, probablv of the 
copyist; viz. 22579 should be 22581 and 2199760* should he 
2199797601? 
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lions, the first and last of which are triangles ; and the 
intermediate one is a tetragon. The base in each of 
them is a third part of the side of the inscribed triangle (?) 
It is the upright (of a rectangular triangle) ; the perpen- 
dicular is its side ; and the square root of the sum of 
their ^juares is hypothenuse, and is the side of the 
nonagon. To find the perpendicular, put an assumed 
chord equal to half the chord of the (inscribed) tetragon ; 
find its arrow in the manner aforesaid ; and subtract 
that from the arrow of the chord of the (inscribed) tri- 
angle, the remainder is the perpendicular. Tims the per- 
pendicular comes out 21989: it is the side (of a 
rectangular triangle). The third part of the inscribed 
triangle is 34641 : it is the upright. The square root 
of the sum of their squares is 41031 : and is the side 
of the inscribed nonagon. Thus all is congruous.” It 
will not be necessary to explain to those who have 
carefully studied the foregoing treatise, the false and in- 
conclusive character of this sort of reasoning. 

With reference to the quadrature of the circle, the 
Hindus seem to have made considerable improve- 
ment between the age of Brahmagupta and that of 
the Lilavati. Brahmagupta gave three times the dia- 
meter as the practical circumference, the neat dimension 
of which, according tojhim, was the square root of ten 
times the square of the diameter.* The author of the 
Lilavati allows a larger proportion for the gross cireum- 

That is as 3,1623 to I, which is too great bv move than 
part of the whole. ‘ # 
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ference, viz. as 22 to 7 ; but makes a much nearer 
approximation in his neat estimate, which is I of the 
diameter/** 

The questions contained in the Lilavati are substan- 
tially the same as those contained in Brahmagupta’s * 
chapter -on Plane Figure. They will serve as a good 
index of the amount of geometrical knowledge which 
may be called indigenous. It is on this account that 
it has been thought best to give the questions nearly 
in the original words, instead of stating them more 
concisely; 

We shall quote one of the rules, and the solution of 
one of the questions from the Lilavati, in order to show 
how the Brahmins work problems on practical geome- 
try, the rules for which are almost invariably delivered 
in verse. 

“ The rule for determining the base, perpendicular 
or hypothenuse, when any two of them are known, i 
given in two stanzas. One pf the sides is assumed, 
(as the base). That which goes in a rival direction to it 
is, by persons acquainted with the science, called the 
i koti or perpendicular, whether it be in a (rectangular) 
triangle or quadrilateral. 

• fllauesa says that this value was probably deduced by six 
successive bisections of the arc subtended by the side of an 
equilateral hexagon, and that it represents the periphery of a 
polygon of 384 sides. That periphery may be otherwise repre- 
sented as 3.1416 to 1 and iz very near the truth. A still more 

accurate proportion is The method of deducing *this re- 
sult is taught in treatises on Trigonometry. 
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“ The square root of the sum of their squares is the 
hypothenuse. The square root of the difference of 
the squares of the base and hypothenuse is the perpen- 
dicular. The Square root of the difference of the 
squares of the nypothenuse and perpendicular is the 
base. 


Example. 


Statement : 



Perpendicular 4, Base 
3. The square ot the base 
9. The square of the per- 
pendicular 16. Their sum 
25. The square rootof this 
is 5. The hypothenuse 
is found/* 


In some instances commentators have supplied 
demonstrations, but they would appear extremely rude 
to the student of Euclid. 


QUESTIONS. 

1? Say what will be the dimension of the hypo- 
thenuse of a right angled triangle whose perpendicular 
is 4 and the base 3 ? 

■ ■■ v ■ 

2. The hypothenuse being 5 and the base 3, say 
how much will be the perpendicular ? 

t, 4 

3. The hypothenuse being 5 and' the perpendicular 
4, say. what will be the base ? 

4. Mention a few cases of a right angled triangle 
having 12 for the base and rational numbers for its* 
perpendicular and hypothenuse. 
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5. Mention a few cases of a right angled triangle 
having 85* for the hypothenuse and rational numbers 
for the perpendicular and base. 

6. Mention a few cases of right angled triangles 
having the base, perpendicular, and hypothenuse 
sented by rational numbers. 

7. A Bambu tree measuring 32 cubits in height 
and standing upon level ground, was broken in one 
place by a storm ; the broken part instantly inclined 
towards the ground which its extremity reached at a 
distance, of 16 cubits from the foot of the tree, say 
mathematician, at how many cubits from the root was 
the tree broken ? 

8. A peacock perched on the top of a pillar 9 cubits 
in height. At the foot of the pillar was a snake’s hole, 
and at a distance equal to three times its height was 
seen a snake. Seeing the snake glide toward the hole, 
the peacock pounced upon it at a place which was equi- 
distant between the top of the pillar and the place 
where the snake was first soen* Say quickly at how 
many cubits from the snake’s hole <|id they meet. 

9. In a certain lake where cranes, and chuckwas 

v < 

were desporting, there was a stalk of the lotus which 
rising from the bottom of the pool stood erect to the 
height of half a cubit ( above the level of the water. 
The lotus gradually inclined by the gentle action of 
breeze, and was submerged at the distance of two 
'-■ciilbits. Say quickly, mathematician, what Jwas the 
depth of the water? * c 
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10. Two monkeys were sitting on the top of a tree 
100 cubit! high, and at the distance of 200 cubits from 
the foot of the tree, there was a pool of water. One 
of the monkey;} gently descended from the tree and 
went directly to the pool ; tiie other vaulted to some 
height perpendicularly from the top of the tree, and from 
thence., leaped diagonally to the pool. Both monkeys 
went over the same space in these several ways. Tell 
me quickly learned man the height of the leap above the 
tree, if you have diligently studied mathematics ?* 

11. In a right angled triangle the hypothenuse is 17 
and the sum of the base and perpendicular 23, tell me 
my friend how much the base and perpendicular are ? 

12. V In a right angled triangle the difference be- 
tween the base and perpendicular is 7 and the hypo- 
thenuse 13. Can you tell me how much the base and 
perpendicular are ? 

13. Two Bambus, one 15 cubitsjn height, the 
othrtr 10 cubits, are at a distance of 5 cubits from 
one another. The foot of the t pne being mutually 

p 

joined by a string with the top of the other, say what 
will be the altitude of the point where the two strings 
will cross each other. 

* Bhaskaracharya supposes the Indian monkey of his time to 
have been capable of performing feats which are inconsistent 
with the laws of mechanics rs we now find V em. Hrahma- 
gupta or ('ather his commentator) had given the same example 
in another form. A bill stood for the tree— a town for the lake 
and two hermits for the two monkeys. — In thn case, however, 
the extraordinary leap wa6 explained by supposing the leaper 
to bi t wizard. . , 
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14. Show that jt will be the impossible to construct 
the two fallowing figures : A quadrilateral with 12 for 
its base, S for the side opposite to the base, and 2 and 
6 its two adjacent sides. A triangle with 3, 6, 9 for 
its three sides respectively. 

15. There is a triangle whose base is 14 cubits, and 1 
its twoteides 13 and 15 respectively. Say quickly what 
its altitude and area are, as also the length of the two 
segments into which the base is divided by the altitude. 

16. In an obtuse angled triangle the base which 
is adjacent to the obtuse» angle is 9 cubits and the two 
sides respectively 10 and 17. Tell me quickly, expre- 
mathematieian, what its altitude and area are, as also 
the distance of the* perpendicular from the obtuse angle* 

17. In a quadrilateral figure whose base and its 
opposite side are parallel and are respectively 14 and 
9 cubits, the other twe sides being 13 and 12, and the 
altitude being also 12 ; tell the area as it was taught 
by the ancients. 

18. If the side of a rhombus 25 cubits and one 

of its diagonals 30, what will be* the length of the other 
diagonal ? and what will be the diagonal of a square 
whose side is 25 ? t * 

19. What will be the area ctf a rectangle two of 
whose adjacent sides are respectively 8 and 6. 

20. In an equi-perpeftdicular quadrilateral figure, 

'22' cubits, its opposite side 1 1 cubits, the two 
sides are respectively 20 and 13 ai\d the 
12 ; say what is the area of the figure. - 
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21. In a trapezium the base is 75 cubits, the side 
opposite to the base 51, the adjacent' sides are res- 
pectively *0 an/4 68, the former being also perpendicu- 
lar to the base *5 say what its area |s 9 as well as the 
length of the diagonals and of the perpendicular from 
the other vertex. 

22. oln a trapezium the base is 60, the opposite 
side 25, the adjacent sides 39 and 52 and one of the 
diagonals is 63 ; what is its area ? 

23. In a trapezium the base is as 300 cubits, the 

opposite side 125, the twp adjacent sides 260 and 195, 
the diagonals 315 and 280, the perpendiculars from 
the vertices 189 and 224 ; what portions of the diago- 
nals and the perpendiculars are below their inter- 
sections ? What will be the length of the perpendicu- 
lar let fall from the intersection of the diagonals ? and 
the segments of the bp.se answering thereto ? How far 
must the adjacent sides be produced before they will 
meet, and what will be the length of the perpendicular 
let fall from that point of contact upon the base ? wh at 
the segments answering to it ? and what the area of the, 
triangle thus formed on the summifcW the trapezium ? 
how far must each of the diagonals be produced before 
it will meet a perpendicular drefWq from the opposite 
extremity of the base, and what will be the length of 
each of the perpend iculars t * 

24; What will be the length of the circumference 
df circle whose diameter is 7 ? and what will be the 
length of the diameter if the circ\hn ferepc%4s 23 ? 
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25. Toe diameler of a circle being 10 cubits, wliat 
will be thfe lengtjvef the arrow or straight line bisecting 
a chord, 6 cubits in length, at right angles and inter- 
cepted between the chord and its arc. 

26. If you arg acquainted with the spotless* 
Lilavati, say what will be the area of a circle whose 
diameter is seven ? Say also what will be the are 
of a covering like a net on the surface, as well as the 
solid contents of a sphere whose diameter is seven ? 

27. What will be th<p length of the side of an equi- 
lateral triangle inscribed in a circle whose diameter 
is 2000 ? 

28. What willv be the length of the side of a square 
inscribed in such a circle ? 

29. What will be the length of the side of an 
equilateral pentagon inscribed as before ? 

30. What will be the length of the side of an equi- 
lateral hexagon inscribed as before ? 

31. What will be the length of the side of an equi- 
lateral heptagon inscribed as before ? 

32. Wliat will be the length of the side of an equi- 
lateral octagon inscribed asjbefore? 

33. What will be the length of the side of an equi- 
lateral nonagon inscribed as before. 

34; The diameter of a circle being 240 cubits and 
its circumference being divided into 18 equal parts, 
what will be the length of the several chords ( of the 
following arcs, viz. one-eighteenth, two^eighteenths, 
three-eighteenths, See. up to nine-eighteenths of the 
evt cumferenee ? « ... c 
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OLO^ARY OF TERMS. 


Bengali, Bengali. English. 

I Rational. 

Antecedent. 

I* 5 ’’’ i Arithmetic. 

”^ 5,iT| WfffiS Oval. 

c ^t<i Obtuse-angle, 
ff ^' C| ' s| WfW C*fft Obtuse angled 

"S*,***- •**> 

wj i Proportion - 

Proportional. 
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c*t*i i 
?*nn 
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st*ri 

^T«s»rt5fJ i 
rt»i 

fwn 
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c*ap i 

tfvil i 
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GL0S8ABY OF TERMS. 


English. Bengali . Bengal* English 

Circle. fS \ D ^? n,trati - 

Circumference, 1 

Co-efficient. Wl kWtWJ "Theorem, 

^fomplement. I Reciprocal. 

Componendo. CW ^ ftf Minus'. 

Concave. I Surd. 

Concentric. I WT> Radius. 

Consequent. I , Diagonal, hy 

Contact. ** p # othenuse, 

Continuedpro- ^ c*3f Centre. 

portion. * Perpendicul 

Convertendo. ^ Cj Angle. 

Convex. 1 ’ ^ Segment. 

Corollary, 1 Mathematics 


Convex. 

Corollary. 1 

Cube. . 

Cycloid.* • 

Decagon. 1 

Demonstrati- 

on. * 

Describe. 1 

Diagonal. l # 

Diameter (of ^ ( 


*fo\5 *Ttf 
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Ft* 

m® 

fapM 


Triangle. 

Decagon. 
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BART OP TERMS. 


English . 
Duplicate ra- 
tio. 


f%i 


Ellipse. 

Equiangular. 
Equilateral. 
Equimultiple. 
Ex-equali. 
Exponent 
Figure. 
Given. 
Geometry. 
Gnomon. 
Hexagon. 
Homologous. 
Hyperbola. 
Hypothenuse. 
Inclination. 


vtm* 

*reisr c*tfi t 

i 
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fsrf<^ i 
c*pjr^f i 

"WJ 


i 
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Bengali. ' English. 
fq'if'Q | Bisect 
f^Tf3 ftwt- Duplicate n 



tio. 


Plus. 


Plane* 


Given. 

fapfaT 

Describe. 

fSHl% 

Ratio. 

*Np**r^sf 

Quindecagon. 


Pentagon. 

*rf?rf*n 

Circumference 


Perimeter. 

*rfa4 fa 

Convertendo. 


Consequent. 


Chord. 

arfowl 

Proposition. 


Indefinite. 

Inscribe. spg^ns t 
Intersection, I 
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^5[*r 


Invertendo. 

Irrational. 

Isosceles. 

line. 

Logarithm. 
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»rt»w i 


fcfrnrftM- 
1 % 

fa* 

fern 


Square. 
Square root . 1 
Annulus. 
Polygon. 
Unlike. 

Alteraandov 

Point. 

Dividendo* 
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English. Bengali. 

Lune. VWtffe ' 

Magnitude. I 

Mathematics. *rf 3 T | 

Measure, 1 

Minus. 3|ic| | " 

Multilateral. I 

Multiple. 

Oblong. ssrfSra I 

Obtuse angle. 

Obtuse-angled 'srfw C$tf*l 
triangle. I 

wtf i% i 
c<W i 
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Bengali English* 

Invertendo, 
Trapezium, 


fS 


Oval. 

Parabola. „ 

Parallel. # * 

Parallel 
gram. 

Pentagon. 

Perimeter. 

P^rmutando. 
Perpendicular | 

Plane super- 5 ,^^ | 
ticies. 

Plus. 

Point. 

Polygon* 

Postulate! 


Scalene. 

Algebifc* 

Subtraction. 

Diameter. 

Semi-diametei 

Cirde. 

Sector. 

Quadrant. 
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3^l?sr I 

#F^t ^ 1 Is&w 


^ s " Quadrantal. 

<F 9 f Tangent. 

Ellipse. 

sf Side. 

M^T Base. 
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J’T^f Magnitude. 

<TtTf 5 f^f% Componendo. 
Sum. 


cTttf, 


Rhombus, 

Romboid. 
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GLOSSARY OF TERMS. 


English . ' Bengal Bengali, English 

Problem. I Quantity. 

Proportion, I Line. 

Porportional. I ^ C*H Acute angle. 

Proposition. 91^ C?ff*i Acute angled 

Quadraet. *P5*tt? I njT?? triangle. 

~ t 5TC- Perpendicular 

Quadrantal. <- grf^| Logarithm. 

Quadrilateral. >5F ' Gnomon. 

Quadruplieate.5^fta I , ^ Arrow, versed 

Quantity.' ?tf*T 1 ' sine - 

Qumdecagon.^dW"!^? Vinculum. 


Radius. 

Ratio- 1 

Rational. I 

Reciprocal. ^5T5*1 
Rectangle. ’SfUTo 1 
Rectilineal. I 

Rhomboid. && I 

Rhombus. 3^1 l 

Right angle. | 

Right angled 9TOC?tfq, ffa] 
triangle. Wt^SlfafT? I 

Scalene. fa* T|*? I 

Scholium. fet*1 I 

Sector. ’pffCTprtF } 

Segment. It'S I 

Semicircle. | 
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Jt*r 
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*wc?iftfar- 


Catenary. 

Vertex. 

Vertical. 

Hexagon. 

Addition. 

Similar. 


Concentric. 


triangle. 
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VI 


English, Bengali* 

Similar. I 

Sphere. C^Tf^T I 

Square (nume* 
rical.) ^ 1 


|. Bengali . 


Enjjtisk. 

ii. 


E^ui-perpen 
dicular. 


jvpsf Equilateral. 

JRt* CiPtfa • Equiangular. 
Parall^, 


Square root. 
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Straight line. 

ca*fi i 

Subtend. 
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Subtraction. 

1 

Sum. 

Orffi, ^5 1 

Superficies. 

*0rf«*U ' 

Surd. 


Tangent. 

% TS "5>K?P 1 

Theorem. • 
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Touch* 

«?(< i 

Trapezium. 

i 

Triangle. 

| 

Trilateral* 

|» 

•Triplicate. 
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Trisect. 
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( WWft 11 

Unlike. 

1 

Vertesf. 

I 

Vertical. 

^1 
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CUs^ 
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3TP?f=r ca*rt 

*«ri 


Parallelogram 

Intersection. 

Problem. 

Opposite. 

Homologous. 

Straight line. 

Rectilineal. 

Ex-equali. 

Tangent, i 

Contact. 

Cycloid. 

Axiom. 

Postulate. 


ftlsitt^fafe^Adjacent. 

Hyperbola; 
,*psr Figure. 

CH<n Parabola. 
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